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The curl of a vector function measures the tendency of the
vector function to circulate or rotate (or “curl’) about an axis.

Note the circulation about the z axis in this stream of water.
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The curl of the water velocity vector has a z component.




Here the water also has a circulation about the z axis.
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This is more obvious if we subtract a constant velocity vector from the water,
as seen on the next slide.



Curl of a Vector (cont.)




V (X, Y, z) = vector function X'CU”\LEAlsiXTM—SX V.-dr

curl V = vector function R . 1
— y-curlV = lim — C\i-g

T Asy—0 ASy
Z
N 1
Z-curlV=Ilim—¢@ V-dr
ASZ o As, —0 ASZ cC,— —
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Cz Note: It turns out that the results are
Curl is calculated here ASy independent of the shape of the paths, but
\ //] rectangular paths are chosen for simplicity.
AS, /O y
‘ l/( The paths are defined according to
C (117 7
4 y the “right-hand rule”.
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The paths are all centered at the point of interest, taken here as the origin for simplicity.
(This is an “exploded view”; a separation between the paths is shown for clarity).
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“Curl meter”

, Y, or 2

Assume that V represents
the velocity of a fluid.

The term V .dr measures the force on the paddles.

Hence,

£-curlV isameasure of T,, the component of torque in the £ direction.

(If this component is positive, the paddle wheel will spin counterclockwise.)



The x component of the curl

Path C, :

X-curlV = lim i
- — As,—0 ASX
AS, = AyAz

Each edge is numbered.
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Hence, we have:

Recall: X-curlV = lim cﬁ V.dr, AS =AyAz
ASX—>OASX C,




This gives us:

V, (o,Azy, oj—vz (o, —Azy,oj
Ly

AS, Ay
i AZ
[0.0.2) v,
- Az
o, ov,
oy 0z
Hence,
. oV, oV
x-curlV =—2-—
oy 0z

Recall: X-curlV = lim 1 gﬁ V -dr
- — ASX—>0ASX C.— —




Similarly,

1 oV, oV A oV, oV
— ¢V -drx —*—— curlV =| —=*-—_=
AS, 7 oz o i ( 0z  OX

1 Vv, oV, oV
—S\ngay—a => Zz-curlV = y_c?VX

2 C, X y ox oy

See Appendix A.2 in the Hayt & Buck book for a
general derivation of curl that holds in any coordinate system.
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Hence, in rectangular coordinates, we have

curlV =V xV
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Rectangular

~ oV " A
VxV = R 8VZ_ y +y(8VX_8VZj+£
oy 0z =\ 07 OX
Cylindrical
" oV ~( OV "
VxV =5 18VZ_ AN p_8VZ +£1
—\podp o0z ) —\ 0z Op Jo,
Spherical
oV, sind A
VX\L=£ 1 { (¢Sm )_8V9}+Ql{_
rsiné 06 o¢ r|sinéd o¢
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Rectangular

Cylindrical

Spherical

Determinant Forms
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Curl can be calculated in any coordinated system, but the V operator
Is only defined in rectangular coordinates:

~0 .0 .0
V=X—+Yy—+27—
OX —oy ~ oz
V:ﬁ[yi+¢;i+2£
—0p —0¢ oz
V¢ﬁi+éi+¢?i
r — 00 —0¢

For example, in spherical coordinates:

~0 ~0 ~0 R A ~
curlV #| r—+60—+ rv.+oVv, +
= (—ar ~ 00 ¢a¢jx(—r 0y + o)
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Calculate the curl of the following vector function:

V :X(3xyzz)+g(2x2 - z3)+2(2xz)

oV oV
vV =R oV, OV, +9(8VX_6VZJ+2 y OV,
= oX oy

VX\LZX(O-FSZ) g(Sxy 22)+2(4x—6xyz)
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Calculate the curl:

V =

X

ey 52

(y) V,=vy, V,=0, V,=0

e )

Hence, VxV = Z )

Velocity of water flowing in a river
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Note:
n The paddle wheel will not spin if the axis is
VxV = ;(—1) pointed in the x or y directions
(the x and y components of the curl are zero).

Hence (VXV)-2=—1<O

Point your thumb in the z direction:
The paddle wheel spins opposite to the fingers of the right hand.
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Consider taking a component of the curl vector in an arbitrary direction.

i (arbitrary direction)
We have the following property:

(V X\L) |_A lim i V -dr o« T AS (perpendicular to I)
AS—0 AS
/ C
(The proof is in Appendix B.) , @) TI
Note:

This property is obviously true for the x, y, and z directions, due to the definition of the curl
vector. This theorem now says that the property is true for any direction in space.
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Component of Curl Vector (cont.)

Physical interpretation of curl component (water flow)

The curl vector points
in the direction of the
“whirlpool” effect.

If we call the axis of the whirlpool
the z direction, then the curl of
the velocity vector V has a z
component but no x ory
components (visual a paddle
wheel in the water being aligned
in the x or y directions in the
figure below).
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“ The x, y, z components of the curl vector are defined by the circulation (per
area) about the corresponding axis. This translates into torque on the
paddle wheel when pointed in these directions.

% The component of the curl vector in an arbitrary direction gives the
circulation (per area) about the corresponding axis. This translates into
torque on the paddle wheel when pointed in this direction.

“ Physically, the curl vector points in the direction of the “whirlpool” of the
vector function.
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Example: V =X(y)

From calculations: VXV = 2(—1)

Hence:
» The paddle wheel spins the fastest when the axis is along the z axis.
» The z axis is the axis of the “whirlpool” in the water.
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C (closed)

The unit normal is chosen from a “right-hand rule”
according to the direction along C.
(An outward normal corresponds to a counter clockwise path.)

_[(V X\i) ' ﬁ dsS = Cﬁ\i ﬂ (A proof is in Appendix A.)
C

S

“The surface integral of circulation per unit area equals the total circulation.”
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Divide S into rectangular patches that are normal to x, y, or z axes
(all with the same area AS for simplicity).

‘A, AS

I;

I(V xV)-AdS = Z(V xV )

n
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[(Vxv)-AdsS~Y (VxV), - AS
Curl definition: ;

A (VxV) _i'moA_ls V -dr

1

S n c
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Cancelation

.
2 ji'ﬂ <— QM’V

exterior AC;

edges AC. C

—> CJ‘)\L ) ﬂ Interior edges cancel,
C leaving only exterior edges.

Proof complete
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N =1 (constant)

Proof:
AS (planar)
Stokes’ Theorem: j (V x\i) -nds = Cj)\iﬂ
C

AS C

For the LHS: j VXV) -nds = I(VX\L)- | dSz(Vx\i)-l_A AS
AS

Hence, (V x\i)-i AS ~ C_{?\i'_r
C

Taking the limit: (VxV)-I = lim —V -dr

28



	Slide Number 1
	Slide Number 2
	Slide Number 3
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Slide Number 10
	Slide Number 11
	Slide Number 12
	Slide Number 13
	Slide Number 14
	Slide Number 15
	Slide Number 16
	Slide Number 17
	Slide Number 18
	Slide Number 19
	Slide Number 20
	Slide Number 21
	Slide Number 22
	Slide Number 23
	Slide Number 24
	Slide Number 25
	Slide Number 26
	Slide Number 27
	Slide Number 28

