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Image Theory
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® = d, onboundary (given)

Py

2
VO =— Inside region (known charge density)
Given: &

® =®, onboundary (known B.C.)

=) @(X,Y,2) isunique

Note: We can guess the solution, as long as we verify that the Poisson equation
and the B.C.’s are correctly satisfied! (in other words, we have the correct
boundary condition and the correct charge inside).



D(X,Y,2)

Point charge q

-

Infinite PEC ground plane D=0

Note: The electric field is zero below the ground plane (zZ < 0).

This can be justified by the uniqueness theorem, just as we did for the Faraday
cage discussion. (Make a closed surface by adding a large hemisphere in the
lower region, and use the fact that the potential is zero on the hemisphere.)



Image picture:

Note: q
There is no ground plane in the Q Original charge
image picture! |
h
——————— :I— - s s o s o [ X
n |
.
O Image charge

The original charge and the image charge together give the correct electric field
in the region z > 0. They do NOT give the correct solution in the region z < 0.

(A proof that this is a valid solution is given on slides 7-8.)



Summary of Image Method

Z Equivalentforz >0 Z
Point charge [ q :]l l[: [ q
Q O Original charge
h h
h
Original problem Image picture . —q
O Image charge

= These two problems have the same potential and electric field in the upper region (z > 0).
= The image picture gives the wrong answer in the lower region (z < 0).



z>0

Here is what the image
solution looks like
(for the potential).

D=0, +D,

oo 4 .

- Are,R,  4ng,R,




To see why image theory works, we construct a closed surface S that has
a large hemispherical cap (the radius goes to infinity).

S=S +5, emm—— Original problem

On S,: @ = 0 (the surface is on a perfect electric conductor at zero volts).
On S;: @ =0 (the surface is at infinity where E = 0, and ® = 0 on the bottom).

= ®=0onS



Image picture: _-- ~<_

Observation point on S = +
dre, R, 4rng,R
0\ 0' %2

V" correct charge in V (charge #1)

reS,; ®=0 since R, =R,
_ (correct B.C. on S)
LESh. b =0 since Ri,=R,=w



z<0 1 O

Wrong charge inside! |
(The original problem does not Image theory does not give the correct

have a charge in region #2.) result in the Iovyer region (the. region
where the image charge is).



z>0:

b =

9

—q

47&90\/x2 +y2+(z-h)

_I_

47&90\/x2 +y? +(z+hY
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z>0:

& : N —q

4%50\/x2 +y*+(z- h)2 47250\/x2 +y*+(z+ h)2

z<0:

D(x,Y,2)
(D — O Pointcharge q

Infinite PEC ground plane D=0
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High-Voltage Power Line

y

I V0 High-voltage power line (radius a)
................... O Infinite in z
|

The earth is modeled as a perfect conductor (E = 0).

(The next slide discusses this approximation.)
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The loss tangent of a material shows how good of a
conductor it is at any frequency.
(This is discussed in ECE 3317.)

w=2rf

o
tano = —
& =&yé, E

&, =8.854x1072 [F/m]

tan o >>1 (good conductor)
tan 0 <<1 (good dielectric)

Assume the following parameters for earth:

o=0.1 [S/m]

& =8

Table showing tano for earth

10[Hz]  2.25 x107
100 [Hz]  2.25 x106
1[kHz]  2.25x105
10 [kHz]  2.25x104
100 [kHz] 2.25x103
1[MHz] 225

10 [MHz] 22.5

100 [MHz] 2.25

1.0 [GHz] 0.225
10.0 [GHz] 0.0225
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High-Voltage Power Line (cont.)

Line-charge approximation:

Note: p,, = 27ap,,

The power line is modeled as an effective line charge at the center of the
power line. This line-charge model is valid outside the power line (from
Gauss’s law) as long as the charge density on the surface of the wire is
approximately uniform and we are outside the wire.
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| =<

Image theory: R,

h
h
------------------ Line charge formula:
—Po » 5
O =0 In(—j
o= Lo jp[ 2] Ao B 2rey,  \ P
TE, ) TE, R,
Note:
or In the formula b is the distance to
o R the arbitrary reference “point” for
O =L |n| =2 the single line-charge solution.
27e, R,

The line-charge density p, can be found by forcing the voltage to be V, at
the surface of the wire (with respect to the earth).
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Wire (radius a)

The point A is selected as the point on the bottom surface of the power line.
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Original wire (radius a)

___________________ @

hI A

h| B
""""""" 52 P

.

D (A) =L In(Zh_aj
o TTE, a

\

Set V,z =V,
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__________________ _O
h
h
___________________ O
—Po
Hence
27, VY,
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Alternative calculation of p,

Along the vertical line we have:

=" _2[27[80,?;‘) - y)j @[2%«90_(/;;1 y))

From top charge From bottom charge
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Performing the integration, we have:

—p, ¢ 1 1
Vy=—22 | + dy
2mey L \h—y h+y

—a

::_lﬂo(_|n(h_-y)+|n(h4-Y)Xla

27e,

S (~=In(h)+In(a)+In(h)-In(2h-a))

27e,

. 2/;';0 (In(2h-a)-In(a))

_ Pm|n(2h_aj
27e, a

Po
n A
—f-=-=0=-=-=- — X
N B
---------- o
~Plo
Hence
2h—a
V, = Pio |n( j
27, a
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Final solution
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y Line charge formula:

Electric Field T r=(xy,0) E=p| P
T\ 2mg,p

R y>0

E(X’ y): Lo gl_l_ —Po gz pzozl T
27g,R, 27g,R, n

From these we get the
unit vectors.
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Electric Field on Earth
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Hence, we have on the surface on the Earth:

27, VY,

N = me,R? Pro= In(Zh—aj

~Po R =

a
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High-Voltage Power Line (cont.)

Final result;

Gj ,n(iﬁ‘) a)(u(xl/h) ]

Yy Note:
The electric field at the surface of the
earth is vertical, since the earth is
being modeled as a PEC.

h (x.0)




High-Voltage Power Line (cont.)

T (o) -5(3) n (Zz\é_aj (H(Xl/ hf}
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High-Voltage Power Line (cont.)

Example

(a) Find the electric field at the surface of the earth.
(b) Find the electric field at the bottom surface of the line.

Parameters: In MKS units:
Vo =230 [kV] V, = 2.30x105 [V]
h =250 [m] h =50 [m]

a=1][cm] a=0.01[m]
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Part (a)

At the surface of the Earth we have

This gives us :

1

E(x,0)= —2(998.89)[“()(/ :

)Z] vim]
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Part (b) Original wire (radius a)

y
Along the vertical line we have (from slide 19): \T 0
10

con=-iloti ) ]

Hence, at the bottom of the line (y = h-a) we have:

Ebot:E O,h_a. — _\ pIO _|_" _pIO ~ pIO
¥ =E( ) X(Zﬂé‘oa] X(Zﬂgo(Zh—a)] _(272'80&

<>
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Original wire (radius a)

so that _? __O_:____> .
h B
EbOt ~ _S‘/ _______ o
B ~Pio
Recall:
This gives us: 0,0 = 27€, Vs
bot ~ 6 ? 2h—a
E™ =-§(2.50x10°)[V/m] In| =

Will corona discharge take place? Recall: E. = 3.0x10° [V/m]
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Image Theory for Dielectric Region

Point charge over a semi-infinite dielectric region

(Please see the textbook for a derivation.)

y Note:
We are now interested in
both regions (z > 0 and z < 0).

Note: A line charge could also be done the same way.
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Solution for air region (z > 0):

© Observation point

g
------------------- o :
h 0
h
""""""""" O q’ go
e —1 Note:
r __ r
qg=-q 1 A very large permittivity acts
& T like a PEC (q' = - q).
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Image Theory for Dielectric Region (cont.)

Solution for dielectric region (z < 0):

33



Image Theory for Dielectric Region (cont.)

Sketch of electric field

Note: The flux lines are straight lines in the dielectric region.

The flux lines are bent away from the normal (as proven earlier from B.C.s).
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