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1. This exam is closed-book and closed-notes notes. A formula sheet is provided. 
2. Show all of your work. No credit will be given if the work required to obtain the solutions is not shown. 
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Problem 1 (40 pts.) 


An infinite perfectly conducting cone is located above a perfectly conducting infinite ground plane as shown below. The ground plane is at zero volts, while the cone is at a potential of V0 volts. The angle of the cone is 0. There is an insulating gap between the cone and the ground plane (which you can ignore) that keeps the cone from shorting to the ground plane. 

1) Assume that the potential  between the cone and the ground plane is a function of  only. Solve for the potential function . 

2) Find the surface charge density on the surface of the cone. 


Helpful integral identity:


 (
z
0
).


















ROOM FOR WORK

Solution

Part 1

The Laplace equation is


.

Because the potential is only a function of the angle , this reduces to 


.

We thus have


.

Integrating, we have




so


.

Integrating, we have


.

Setting  =  /2 gives us


.

Hence, 


.

Setting  =0 gives us 



so


.

Hence the potential function is


.


Part 2

The surface charge density is 


.

Using




we have


.

Hence we have


.

This gives us


.

Hence, we have


.



Problem 2 (25 pts.) 

A wire of radius a is surrounded by an insulating dielectric coating that has a radius of b. A cross section is shown below. The coating has a relative permittivity of r and a dielectric breakdown field strength of Ecdiel. Outside the dielectric coating is air, which has a relative permittivity of one and a dielectric breakdown field strength of Ecair, where Ecair < Ecdiel.

Assume that the wire has a uniform surface charge density on it. Derive a formula for the coating radius b in terms of the other given parameters, so that the dielectric breaks down at the same time as the air, as the charge density on the wire increases. 




 (
a
b
r
)













ROOM FOR WORK

Solution

When the dielectric breaks down, it will break down at  = a. When the air breaks down, it will break down at  = b. 

The breakdown in the dielectric will occur when


.

The breakdown in the air will occur when


.

Note that we are using the same value of line charge density, since breakdown will occur at the same time. Solving for the line charge densities and equating them, we have


.

This give us


.





Problem 3 (35 pts.) 

A perfectly conducting sphere of radius a is centered at a height h above an infinite perfectly conducting ground plane as shown below. 

1) Assume that the sphere has a total charge Q that is uniformly distributed on the surface of the sphere. Find the electric field vector on a line that is directly below the sphere, between the sphere and the ground plane. That is, find the electric field vector for a point on the z axis where 0 < z < h-a. 

2) Find the voltage drop VAB between the sphere and the ground plane, where point A is located at the bottom of the sphere, at (0, 0, h-a), and point B is located on the ground plane directly below the sphere, at (0, 0, 0). 

3) Find the capacitance between the sphere and the ground plane. 








 (
z
a
h
x
)















ROOM FOR WORK

Solution

Part 1

Using image theory, we have


.


Part 2

The voltage drop is given by 


.

This gives us 


.

Performing the integration, we have


.

The result is then 



or


.



Part 3

The capacitance is given by


.

This gives us 


.
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