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Note: PPT file is the main outline of the chapter topic –
associated Mathematica file(s) contain details and assignments



Outline
1. Introduction: concept of spectrum and periodic 

phenomena

2. Review of Fourier transform

3. Review of Fourier analysis

4. Numerical method: FFT

5. Applications in linear time-invariant system and 
signal processing



Introduction: spectrum 
concept, periodic phenomena



Power from the Sun

Ideal Black-Body radiation

power(W)
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Solar spectrum 
above Earth 
atmosphere

Solar spectrum 
at sea level

Visible light

wavelength



Where does solar spectrum (or solar power 
spectral density) matter?



Common lighting spectra



… what, exactly, is a spectrum?



A type spectrum that we can’t live without…

2.4 GHz band

unit: dBm (remember?)

You are depending on it right now in this class…



For wifi-sniffing drone



This is a spectrum. 
Except it is not RF 
power vs. frequency, 
but RF power vs. wifi
source. (spectrum in 
the broad sense).

Below are examples of PC-based wifi spectrum analyzer 
apps (but not as accurate and sensitive as hardware-based 
RF spectrum analyzer)



… what else can have spectrum 
(or spectra)?



Android, iOS apps for audio spectrum analyzer
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Marine environment sound spectrum 
(power spectral density)



Figure 2: The sonobuoys detected a variety of forms in FM (frequency modulated) calls of Antarctic blue whales 
within the aggregation. The most common call types are to the left of the spectrogram. (Photo: Brian Miller)

http://www.antarctica.gov.au/magazine/2011-2015/issue-28-june-2015/science/acoustic-technology-
provides-insights-into-blue-whale-behaviour

What 
numerical 
method 
allowing using 
this data to 
obtain this 
“spectrogram”
? 



A closely related concept of spectrum: spectrogram



“today, we learn about fast-Fourier-transform”

This is the sound spectrogram
frequency

time

Density (darkness) is Log[power]

In Mathematica, Fourier[] would generate an array for us to calculate the spectrum 
sweep it as a function of time. We have a time-dependent spectrum, or spectrogram.



… what else can have spectrum 
(or spectra)?

any sequential or serial, or ordered 
structure numerical data:
• time-series or temporal signals
• spatial signal such as images (Fourier 

optics)





Observation of Earth natural acoustic resonance. We can say the Earth 
has an extreme deep voice, 3.7 and 4.4 mHz. How long is one period of 
these resonances?





Spectra can tell a lot about an object natural 
frequencies and properties



Some examples of resonances of natural frequencies

for amusement: the music code of the Rosslyn Chapel

gamma-ray and nuclear spectroscopyelectron-positron annihilation spectral signature from 
the Milky Way

the Higgs 
boson 
spectral 
signature

https://www.youtube.com/watch?v=17tqXgvCN0E
https://www.youtube.com/watch?v=17tqXgvCN0E
https://www.youtube.com/watch?v=3mclp9QmCGs
https://www.youtube.com/watch?v=3mclp9QmCGs
https://www.youtube.com/watch?v=4BoeATJk7dg
https://www.youtube.com/watch?v=4BoeATJk7dg
https://www.youtube.com/watch?v=lRFysSAxWxI
https://www.youtube.com/watch?v=lRFysSAxWxI
https://www.youtube.com/watch?v=cy2Dg-ncWoY
https://www.youtube.com/watch?v=biPy-DjHODk
https://www.youtube.com/watch?v=biPy-DjHODk
https://www.youtube.com/watch?v=1yaqUI4b974
https://www.youtube.com/watch?v=1yaqUI4b974
https://www.youtube.com/watch?v=PPlrtgilgK8
https://www.youtube.com/watch?v=PPlrtgilgK8
https://www.youtube.com/watch?v=lXKt7UVjd-I
https://www.youtube.com/watch?v=lXKt7UVjd-I
https://www.youtube.com/watch?v=mpIp1oFokNA
https://www.youtube.com/watch?v=mpIp1oFokNA


Gravitational-wave spectra/spectrogram

https://www.youtube.com/watch?v=I_88S8DWbcU
https://www.youtube.com/watch?v=I_88S8DWbcU




Spectral analysis (producing spectrum and spectrogram) is 
fundamentally a method of mapping/classification that is 
very useful for any quantitative science.

Especially for periodic phenomena, Fourier-spectral 
analysis is a mapping of power/energy/magnitude (P/E/A) 
vs. frequency category. Example: We identify individual 
voices of family, friends, acquaintances based on our 
supervised learning of classification with audio spectrum. 
(in a household, we can even tell whom even with just a 
cough or a footstep of the person). 

Even for non-periodic phenomena, Fourier spectral analysis 
can be useful to classify types of randomness such as white 
noise, 1/f, Brownian noise,… (we will touch upon Itô
calculus if we have time).



Example of periodic human socio-economic activities

Fourier 
components of US 
consumers



Stock market is a Brownian “random down Wall Street”

Dow-Jones index
(1896-2016)

Dow-Jones index
power spectral 
density 
(Brownian noise)

No periodicity 
because of market 
efficiency



more review of periodic phenomena 



what a spectrum is not…
(“spectral range” is often colloquially – or in general language–
synonymous with “spectrum.” But strictly and technically, do 
not be confused of spectral range vs. spectrum)

General usage

Technical usage
(plot of power/ 
energy/magnitude 
vs. frequency



Frequency spectral range is not P/E/A spectrum – it is 
only the “frequency-axis range” of a P/E/A spectrum



Amplitude range is NOT spectrum

(how loud various things can be)



This really means the spectral 
range of EM waves

This really means the 
human-eye visible 
spectral range

This is the reason why we use a 
more specific and accurate 
expression: “power/energy/ 
magnitude spectral density,” and 
“spectrum” for short. 

It’s OK to mix general language 
and technical usage of word 
“spectrum” as long as we know 
what it means.
Example: What is the solar spectrum? In the technical context, it means solar 
irradiance spectral density, and not a light wavelength range from far-IR to UV.



How to obtain the spectrum of a signal?

• Use an analog spectrum analyzer (filters, 
heterodyne detectors, frequency-dispersive 
devices, … that can separate frequencies)

• If the signal is digitized, do numerical Fourier 
transform (aka discrete Fourier transform).



Example of analog spectrum analyzer we all have

Awfully low 
spectral 
resolution, but it 
works great!



Example of analog spectrum analyzer we all have
The cochlea maps sensing neurons to log of frequency.

Log of frequency is mapped ~ 
linearly to the auditory cortex



How to obtain the spectrum of a signal?
• Use an analog spectral analyzer (filters, heterodyne detectors, 

frequency-dispersive devices that can separate frequencies)
• If the signal is digitized, do numerical Fourier transform (aka discrete 

Fourier transform).

This is what we do in this class



Now, we are ready to try some exercises
(open and run the app)

signal

Power spectral density



Conceptual relationship between 
spectrum and spectral response:
• spectrum of a signal coming from a source
• spectral response of an object given a 

stimulus



To be continued to lecture part 2
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