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Introduction to Stochastic Processes and 
Numerical Methods
PROF. HAN Q. LE

Note: PPT file contains only the main outline of the chapter topics –
Use associated Mathematica file(s) that contain details and 
assignments for in-depth learning



Overview
 Concepts introduction: noises and random events
 Descriptive statistics, probability

 Distribution functions, probability density func (pdf), 
cumulative density func (cdf). Multivariate.

 Examples and applications

 Numerical simulations and Monte Carlo
 Bayes’ theorem and intro to Bayesian decision 

theory
 Review cluster classifications, ROC concepts, Kalman’s

filter

 Introduction to stochastic calculus (if have time)
 Ito calculus & finance applications: Black-Scholes model



“hello world”

A=π r2

A=len*wid

price($)/unit
# units store A store B store C store D

juice 3 1.55 1.45 1.65 1.4
eggs 4 1.95 2.4 2 2.2
fruits 12 0.85 0.8 0.7 0.8
vegetable 8 1.35 1 1 1.1
milk 2 2.55 2.25 2.55 3.1
cereals 6 2.7 3.35 3.05 3.45
coffee 1 10.85 7.5 8.45 8.5
tea 2 4.2 4.15 3.75 3.95
ice cream 3 7.35 6.75 6.75 4.95
napkins 5 1.1 1.2 1.2 1.25
foils 2 3.5 3.75 3.6 3.75
storage ba 10 0.8 0.7 0.85 0.7
toothpaste 4 1.6 1.6 1.55 1.6
shampoo 3 3.55 2.6 2.9 2.7
detergent 2 9.55 9.05 8.65 7.1

(array data, linear algebra)

symbolic manip,
anonym func

This is a field in itself:
financial analytics, 
analytic finance, etc.



link to Mathematica
lecture file

• Electronic noises

0.5 µs/div0.5 ms/div



link to Mathematica
lecture file



I can’t hear you. Bad 
signal to noise ratio

https://www.youtube.com/watch?v=HHnEsWhbFBE
https://www.youtube.com/watch?v=HHnEsWhbFBE
https://www.youtube.com/watch?v=OPwPo-IAQ-E
https://www.youtube.com/watch?v=OPwPo-IAQ-E


low SNR
high SNR

https://www.google.com/imgres?imgurl=http://www.keysight.com/upload/cmc_upload/ck/zz-migration/images/eyemaskmodescreen.jpg&imgrefurl=http://www.keysight.com/main/redirector.jspx?action=ref&cname=EDITORIAL&ckey=1249638-1-eng&lc=eng&cc=US&nfr=-32528.1150176.00&docid=-EXJwUdwDJR7YM&tbnid=n3I4MhsGWjfncM:&w=757&h=567&ved=0ahUKEwi63cTvyYHMAhUM4iYKHeqtAbwQMwgcKAAwAA&iact=mrc&uact=8
https://www.google.com/imgres?imgurl=http://www.keysight.com/upload/cmc_upload/ck/zz-migration/images/eyemaskmodescreen.jpg&imgrefurl=http://www.keysight.com/main/redirector.jspx?action=ref&cname=EDITORIAL&ckey=1249638-1-eng&lc=eng&cc=US&nfr=-32528.1150176.00&docid=-EXJwUdwDJR7YM&tbnid=n3I4MhsGWjfncM:&w=757&h=567&ved=0ahUKEwi63cTvyYHMAhUM4iYKHeqtAbwQMwgcKAAwAA&iact=mrc&uact=8


Effects of noises on communication system

We’ll go through 
this in the later 
part of the 
chapter

Example of Monte Carlo simulation of a telecom link



Topics
 Concepts introduction: noises and random events
 Descriptive statistics, probability

 Distribution functions, probability density func (pdf), 
cumulative density func (cdf). Multivariate.

 Examples and applications

 Numerical simulations and Monte Carlo
 Bayes’ theorem and intro to Bayesian decision 

theory
 Review cluster classifications, ROC concepts, Kalman’s

filter

 Introduction to stochastic calculus (if have time)
 Ito calculus & finance applications: Black-Scholes model

note: main lecture notes in Mathematica .nb file

part 1: these are 
most important

part 2: how much 
we cover will 
depend on time



Probability 
theory

stochastic 
physical processes

scientific
engineering

statistics
data science

game theory (econ.)
stochastic calculus/ 

finance analytics

signal processing, 
control 
communications

cryptography/
information 

science



… random events, probability, statistics 
and all that

• What is the chance of snake eyes?
• What is the chance of black jack, or straight flush?
• What is the chance of winning the next Powerball?
• What is the chance of getting hit by lightning?
• What is the chance the market will go up or down?
• What is the chance of shower/snow/windy tomorrow?
• …

It’s about “chance”



Illustration of discrete random events

The following are guidance to follow the lecture in Mathematica
.nb file – link will not work and you must download the file





Let’s say light power is constant, the expected current is 10 nA.
We measure current at a rate 10 GHz, i. e. time interval=0.1 ns
(we make many measurements, 10 billions measurement per sec).
what do we expect the values of the current?





https://www.youtube.com/watch?v=IdTxGJjA4
Jw

https://www.youtube.com/watch?v=IdTxGJjA4Jw
https://www.youtube.com/watch?v=IdTxGJjA4Jw
https://www.youtube.com/watch?v=UFiPWv03f6g&nohtml5=False
https://www.youtube.com/watch?v=UFiPWv03f6g&nohtml5=False




Statistical measure concepts

Mean
Standard of deviation

Histogram
Probability density function
Cumulative density function

Please go through all examples in the APP

Power spectral density of sample population 







Populations with different variance (or standard of deviation)

Suppose you measure the same physical quantity with two 
instruments. You make several measurements. One 
instrument gives you the red distribution, the other, blue.
What can you conclude about the instrument and how do 
you compare them quantitatively?



Bill Gates walked into a bar, and the average income of everyone 
in the bar is $multi-millions....



meanmedian

mode

LogNormal distribution



example of bimodal distribution

bit 1bit 0

You have the data in green. 
The origin of the data is in 
blue and red, but of course 
you don’t know which data 
points come from blue and 
which from red.
How do you split your green 
data into bit 1 and bit 0 and 
how do you estimate the 
error probability?



Numerical methods and illustrations 
of statistical measures
 Using computer-generated random 

variables

 Simulation of random processes based on 
known distribution

 Essential for Monte Carlo simulation that 
will be discussed later

 Specific computer exercises 



Some common discrete variable 
distribution function
 Bernoulli

 Binomial distribution

 Poisson distribution

 Application of Poisson distribution in ECE: 
shot noise



To be continued in part 2



Some common continuous 
variable distribution function
 Uniform (for computer simulation)

 Normal (Gaussian) distribution

 LogNormal distribution

 Laplace distribution

χ-distribution





Normal distribution

• Central limit theorem
• Commonly used for additive white gaussian noise 

(AWGN) simulation
• Sometimes, outlier data problem

In class numerical exercise on operations of normal distribution variables 



Classwork on drunkard random walk 
and Brownian motion



https://www.youtube.com/watch?v=R5t-oA796to
https://www.youtube.com/watch?v=R5t-oA796to


meanmedian

mode



Laplace distribution

1900 1925 1950 1975 2000
50

100

500
1000

5000
1104

Distribution of market index 
day-to-day change

DJI (Dow-Jones index)



Chi, Chi-Square, t-Dist

 A class of distribution functions useful for variance analysis, 
Euclidean distance between normal variables 



Topics

 Concepts introduction: random events, 
noises

 Descriptive statistics, probability

 Distribution functions, probability df (pdf), 
cumulative df (cdf)

 Numerical simulation and Monte Carlo

 Bayes’ theorem and intro to Bayesian 
decision theory





A historical review for those who are interested



Classwork: random simulation of a simple even-odd game

The use of simulation 
involving random 
processes to find an 
answer to some problem.



Example of Monte Carlo simulation

• Basic illustration of an optical communication link



Optical/DWDM networking technology

Transmitter WDMux Fiber Optical 
amplifier

Optical switch Receiver

•Convent. fiber
•DSF, NZDSF
•Improved fiber

•Path switch
•Add/Drop mux
• λ-router
•Cross connect
•Couplers
•circulators

•Laser
-DFB, DBR, VCSEL
-Tunable, fiber

•TF filters
•Fiber Bragg G
•Array wave-guide 
grating
•Diffraction G
•Other gratings

•Erbium-doped Fib. 
Amp (EDFA)
•Semicond. (SOA)
•Others (Raman)

•Ultrafast PD

Modulator
-Electro-optic
-Electroab-
sorption



Transmitted 
signal

relative intensity noise

Monte Carlo simulation
• Random noises are added at each stage of simulation
• Net output of each stage is propagated to the next 

stage (cumulative noise effect)

Optical 
preamplifier

Detector

Amplifier spontaneous 
emission (ASE) noise

signal-ASE beat 
noise

Receiver (TIA & 
amplifier)

dark current & 
signal shot noise

quantum noise

excess noise & 
phenom. noise

Signal

thermal noise

amp. noise



Example application
Simulation of Bit Error Rate (BER) of a communication link  

BER rate calculation is based on actual simulation statistics, not from noise model.



Distinction between simulation 
and model calculation
• The example of communication link APP discussed previously is a simulation

Simulation Calculation

calculated net 
noise model

system 
response 
model

output

stage n

stage n+1

noise (n-1)

noise (n)

output

Can handle realistic and complicated noises: 
e. g. accumulated 1/f, resonance, different 
stochastic processes: too complex to model 
analytically and accurately

Practical only when noise model is 
sufficiently simple (e. g. AWG) to be 
analytically determined.



Does it matter? model vs. simulation: 
Yes

• Analogy: calculation is analogous to obtaining the 
descriptive statistical value of a model. Simulation is like 
obtaining the statistics of a pseudo-measurement.

• If the model is correct, both should produce agreement.

• However, sometimes, the model is difficult to ascertain or 
verified. Simulation can verify or even show errors of the 
model (surprise can happen)

If you are not sure of the prediction of your stochastic model, 
use Monte Carlo simulation to test it.



A note on other Monte Carlo 
method application

 There is no single, defined recipe or definition of what 
Monte Carlo method is, except for the common essential 
feature that it involves random event generation (see here for a 
historical review)

 How it is done, is determined by applications – e. g. see the 
example above for optical communication link.

 Wide ranging application areas:
 science and engineering
 business, finance, any process simulation with some stochastic 

aspects or properties
 can be used even if the problem is not stochastic, such as 

Monte Carlo integration (a very soft approach of numerical 
integration)



Topics
 Concepts introduction: noises and random events
 Descriptive statistics, probability

 Distribution functions, probability density func (pdf), 
cumulative density func (cdf). Multivariate.

 Examples and applications

 Numerical simulations and Monte Carlo
 Bayes’ theorem and intro to Bayesian decision 

theory
 Review cluster classifications, ROC concepts, Kalman’s

filter

 Introduction to stochastic calculus (if have time)
 Ito calculus & finance applications: Black-Scholes model



http://library.bayesia.com/display/FAQ/Bayesian+Belief+Ne
twork+Definition



Bayes’ rule

Foundation of:
- Bayesian inference
- Bayesian decision theory
- Bayesian belief network



Using Bayes’ rule:
Knowing 1 card (red or black) improves our chance of calling correctly from 
50% (pure chance) to 1133

1666
=68%



If this were french fries, what would you infer?
If this were spaghetti, what would you infer?

What is the red stuff on these mouths?

Bayesian inference



If this were french fries, what would you infer?
If this were spaghetti, what would you infer?

What is the red stuff on these mouths?

Bayesian inference



P[red stuff=blood|Dracula] > P[red stuff=ketchup|Dracula] 

Bayes’ rule and Bayesian decision (or inference)

inference: the red stuff on Dracula lips is blood

P[red stuff=ketchup|toddler] > P[red stuff=blood|toddler] 

conditional probability: probability of A, given (or if)  B P[A|B]

in the previous slide:

inference: the red stuffs on toddler lips is ketchup



Bayesian classification: example



Discriminant boundaries: 
where the probabilities for 
two or more categories are 
equal.

Bayesian decision or Bayesian 
classification: to mark the region with 
the highest probability for each 
category: orange, tomato, or tangerine







homework



Bayesian 
BN/ naïve 
Bayes

k-nearest 
neighbor

support 
vector 
machine

logistic 
regression

neural 
network

random 
forest/DTMarkov/

HMM …

even without prior knowledge, classification (inference, decision) can be done 
solely based on data



PSD of random-walk: 1/f^2 noise

1900 1925 1950 1975 2000
50

100

500
1000

5000
1104

• Security market is Brownian motion-like (or drunkard random walk)
• As expected, 1/f^2 behavior



Application– finance and 
investment

Brownian motion – Itô calculus – and Black-Scholes option pricing theory 

For entertainment only – do not invest your 
money with this

see Mathematica lecture

https://www.youtube.com/watch?v=lf4FxCBz46A
https://www.youtube.com/watch?v=lf4FxCBz46A
https://www.youtube.com/watch?v=bjDzGIVh0ZU
https://www.youtube.com/watch?v=bjDzGIVh0ZU


Summary

 Stochastic phenomena are ubiquitous in many 
fields, and numerical methods are essential for 
their study.

 Specifically, Monte Carlo method greatly benefits 
from modern computer capability.

 Applications:

 scientific – engineering

 data science, statistical learning, AI

 finance analytics

 cryptography, information
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