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Sommerfeld Problem

In this set of notes we use SDI theory to solve the classical
"Sommerfeld problem" of a vertical dipole over an semi-infinite earth.

Goal: Find £, on the surface of
z the earth (in the air region).
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Planar vertical electric current (from Notes 39):
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(the impressed source current)

For a vertical electric dipole of amplitude 7/, we have

J,(x,y)=116(x)5(y)5(z—h)

Hence J_(x,))= ]l§(x)5(y)

Therefore, we have /™ _— L (]l)

]SZ (where J. (x,y,z) =J (x,y)5(z — h))



TEN:

The vertical electric dipole excites TM, waves only.




Find £, (x,y,z) inside the air region (z > 0).
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Hence

We use the Michalski normalized current function:
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Ve,

(The v subscript indicates a 1V series source.)

We need to calculate the Michalski normalized current function atz =0
(since we want the field on the surface of the earth).



Calculation of the Michalski normalized current function
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This figure shows how to calculate the Michalski normalized current function:

it will be calculated later in these notes.

10



Return to the calculation of the field:
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Hence we have

E,(x,,0')=—— [ [ = (kt)IVTM(O){II(
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EZ (x,y90+):_(27z-) { a)g Jj J‘]TM J(kex+k,y )kt2 dkxdky
O

—00 —00

Note: 7, (0) is only a function of £,

Change to polar coordinates:

X =,C0S¢ k =k cosg

| 4 dk, dk, — k, dk,d¢
y=psing k, =k, sing
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[ {17 (0) &™) k2 aik ik,

Switch to polar coordinates
dk, dk, — k, dk, d¢

2r

J' e—j(k,cosapcos¢+ktsin&psin¢) dadkt

(0) & 2j e /) g g .
0
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2 2r—¢ 2
J’ (k,p) cos(¢ ¢) da _ J‘ e j(k,p) cosa d :j e Jj(k,p) cosa d
0 —¢ 0

We see from this result that the vertical field of the vertical electric
dipole should not vary with angle ¢.

Integral identity: ] = j (kip) cosa g — 2rJ, (kp)



Hence we have

This is the “Sommerfeld form” of the field.
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We now return to the calculation of the Michalski normalized current function.
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Here we visualize the transmission line as infinite beyond the voltage source.
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ZITM ( FTM ZOTM VVTM (Z)
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Boundary conditions:

v )=y () =

™ (nt)=1(h")

1
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Hence we have
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Substitute the first of these into the second one:

Ce ™" =1+ B (e”k”h 4 [TM g /el )

4

k_oh :i(_ +jk,oh L T™ o Oh)

This gives us

ZJTM [1 N B(e+jkzoh +T™ e—jkzoh)] __B (_ +kzoh
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ZJTM|:1+B( ot | M = kel _Z?M( otk L M th)

|:1_|_B(e+jkzoh +%kzoh )] _ B(_e+jkzoh +%@oh)

@ cancels

Hence we have B = —— g kol
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For the current we then have

B

17 (2) =
0

(_e+jkz02 + FTM e—jkzoz )

1 .
with B = —— g /koh

Hence

2
e—]k o (_ +jk, oz +FTM szoz)

1 (I_FTM)e—]k 2ol
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We thus have

E. (p,0")=- o (( : 2}TJO(ktp)IfM(O)kt3dkt

(272') a)go)
. | .
vith 1 (0h) = (120 )
Hence
E 0" )= I 1 OOJ k l (1_1"TM) —Jkoh k3 dk
Z('O’ )__(272.) (a)g )2 _([ O( 1,0) 2ZOTM € t t
0
or B .

(1 _1rm™ )e—jkzoh kt3 dkt




(1-T™ e ™" |k} dk,
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Sommerfeld Problem (cont.)

Final Result I
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Note:
A box height of about 0.05%, is a
good choice.

Zenneck-wave pole (TM.)

&
_ rc
., +1

(derivation on next slide)

g, = complex relative permittivity of the earth (accounting for the conductivity.)
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Zenneck-wave pole (TM))

kt; (gfc —1) =c ki —kje

The TRE is: & k., =k, e
ZTM _ _ ZTM
Z a Z @ k2 — 8 k2 k(? rc
| 52 (k2 —k2) = (k7 k2 P g
ZOTM — _ZlTM @ @
| kXlel —1)=¢&k, —k! g —1
tp( rc ) re' v 0 1 k; — kggrc : _1
ﬁ — kZl @
We, we,
e #1
k> =k e =
- I M((er/l)(wl)
Both vertical wavenumbers k =k rc
(k,, and k,,) are proper for the Zenneck wave ip 0 e +1
(proof omitted). re




Alternative form

The path is extended to the entire real axis.

£ (0

1
O =y 8

J, (k,p)Odd(k,)dk, Jy(z) :l(H(l) (z)+HY (z)) (soe note 1)

Transform the H,() term:

joaa H (k,p)dk, _—ded HY (~k,p)dk

= °Odd(—k[)H§2)(kfp)dk[ Use k =—k
0

Note 1: z is not on the negative real axis. !

Note 2: Im(z) is positive. _ ° Odd(kt,)Héz) (k;p)dk;

0
= [ 0dd(k,)HY (k,p)dk,

—00
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Hence we have

E, (p,0")=- ”( : BT Hé”(ktp){ki(l—rm)ef"zoh}kj dk,

4 wE, 20

This is a convenient form for deforming the path.
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ti

gl"C
ktp =k . +1

rc

The Zenneck-wave is nonphysical
because it is a fast wave, but it is proper.
It is not captured when deforming to the

ESDP (vertical path from k).

tr
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t

The Riemann surface has four sheets.

Original path C

The ESDP from the branch point at %, is
usually not important for a lossy earth.

Bottom sheet for £,

tr
k 0

N

Top sheet for both £ and &,

I | T Bottom sheet for k_,

Bottom sheet for both £, and &,
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This path deformation makes it
appear as if the Zenneck-wave
pole is important.

t

tr
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Throughout much of the 20t century, a controversy raged about the
“reality of the Zenneck wave.”

Arnold Sommerfeld predicted a surface-wave like field coming from the residue of the
Zenneck-wave pole (1909).
People took measurements and could not find such a wave.

Hermann Weyl solved the problem in a different way and did not get the Zenneck wave
(1919).

Some people (Norton, Niessen) blamed it on a sign error that Sommerfeld had made, though
Sommerfeld never admitted to a sign error.

Eventually it was realized that there was no sign error (Collin, 2004).

The limitation in Sommerfeld’s original asymptotic analysis (which shows a Zenneck-wave
term) is that the pole must be well separated from the branch point — the asymptotic
expansion that he used neglects the effects of the pole on the branch point (the saddle point
in the steepest-descent plane).

When the asymptotic evaluation of the branch-cut integral around £, includes the effects of
the pole, it turns out that there is no Zenneck-wave term in the total solution (branch-cut
integrals + pole-residue term).

The easiest way to explain the fact that the Zenneck wave is not important far away is that
the pole is not captured in deforming to the ESDP paths.
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R. E. Collin, “Hertzian Dipole Radiating Over a Lossy Earth or Sea: Some Early
and Late 20t-Century Controversies,” AP-S Magazine, pp. 64-79, April 2004.

Hertzian Dipole Radiating Over a Lossy
Earth or Sea: Some Early and Late
20th-Century Controversies

R_E. Collin

Department of Electrical Engineering and Computer Science, Case Westem Reserve University
Cleveland, OH 44106 USA
Tel: +1 {440) 442 3712; E-mail: rec2@pocwneedy

Abstract

This papear prasents a contemporary solubtion o the problem of radiation from a vertical Hertzian dipale over a lossy Earth.
Sommereld's 1808 solution to the problem is re-examined, I is demonstrated that a change in sign in the square root of the
nurrerical dislance is mathemalically not allgwed, Thus, the sign emor thal has been daimed in the technical ierature for
mare than 65 years is a myth. Recenl work by King and Sandler |s also examined. i is found that dua to an incormact asymp-
iotic expansion of the complemaniary amar function for the problem of @ lossy earth or sea covened with a thin dislectric layer,
a rapped surface wave was missed in heir solulion,

Keywords: Dipale antennas; electromagnetic radiation: Zenneck surface wave; asymotatic solution; alectromagnetic surface
waves
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(efficient for large distances p)

Alternative path

This choice of path is convenient because it
stays on the top sheet, and yet it has fast
convergence as the distance p increases, due
to the Hankel function.

tr
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