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= Some basic references are provided at the end of these viewgraphs.

* You are welcome to visit a website that goes along with a course at the
University of Houston that discusses (among other things) the spectral
domain immittance (SDI) method.

ECE 6341: “Advanced Electromagnetic Waves”

http://courses.eqr.uh.edu/ECE/ECEG6341/

Note: You are welcome to use anything that you find on this website,
as long as you please acknowledge the source.


http://courses.egr.uh.edu/ECE/ECE6345/
http://courses.egr.uh.edu/ECE/ECE6345/

What is 1t?

It is a powerful, and systematic method for analyzing
sources and structures in layered media.

Electric or magnetic dipole sources within layered media.

Microstrip and printed antennas.

Phased arrays, FSS structures, planar radomes.

Geophysical problems.

The method was originally developed by Itoh and Menzel in the early 1980s
(references are given at the end).



Where does the name come from?

SDI

* The electric and magnetic fields are modeled in the Fourier transform
(spectral) domain.

= The horizontal (transverse) electric and magnetic fields are modeled as
voltage and current on a transmission line model of the layered structure
(called the transverse equivalent network or TEN).

= The TEN has transmission lines described by characteristic impedances
(or admittances). The word “immitance” means either impedance or
admittance.




To cover the fundamentals of the Spectral Domain Immittance
(SDI) method.

To explain the physical principles of the method.
To develop the mathematics of the method.

To develop a systematic “recipe” for applying the method to
analyzing different types of sources and structures in layered
media.

To illustrate the method with various practical examples.



L)

*%

L)

*%

L)

*%

L)

*%

Physical derivation of method for planar electric surface currents.
Examples involving planar surface currents:

O Microstrip line

O Microstrip patch current

General derivation (Fourier transforming Maxwell's equations) that
allows for all types of sources to be included in one general derivation.

Examples:
1 Vertical dipole over the earth (Sommerfeld problem)

O Slot antenna covered with radome layer (magnetic current)
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O Microstrip line
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Examples:
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O Slot antenna covered with radome layer (magnetic current)



Fourier Representation of Planar Currents (cont.)

Consider a planar electric surface current in a layered medium

V4

Note: The subscript “s” denotes the source layer



A 2D spatial Fourier transform in (X,y) can be used to represent the
finite-size current sheet as a collection (superposition) of
Infinite phased current sheets.
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Fourier Representation of Planar Currents (cont.)

V4

13



Example

A microstrip patch has a dominant (1,0) mode surface current that is

described by
~1 1 7T X
J.(X,y)=X|—cCo0oS| —
% (xy) ‘{W (Lﬂ

.
/is

h S Enk
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Example (cont.)
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Example (cont.)

Hence

(Ak, Ak, )
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Fourier Representation of Planar Currents (cont.)

Example (cont.)

I8 (X YKy Ky ) = 38 (K Ky ) € i{kim+kony)

cos(kX —j
lSpo (kxm | kyn ) _ X 1 L 2 SinC(ky W?) (AkxAky)
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Consider an infinite phased current sheet having some (k,, k,):

if(x,y;kx,ky) J?! (k k) i(kex+ky )

This phased current sheet launches a pair of plane waves as shown below:

32 (% yik,.k, ) /
—
K, \\K‘
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Note: We choose the
physical choice where k is
either positive real or
negative imaginary.
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37 (% ik, k

X!y

AN

Goal: Decompose the current into two parts: one that excites only a pair
of TM, plane waves, and one that excites only a pair of TE, plane waves.

TM, and TE, waves do not couple at boundaries.
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(u,v) Coordinates

Define:

Launching of plane wave by source:
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(u,v) Coordinates (cont.)

_ _ ok
cosg=-—> sing=—
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| <>

Jp

J! :Launches a TM, wave

—Su

J? :Launches a TE, wave

—SV
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TM,-TE, Properties (cont.)

Proof of launching property:

Consider the TM, case (u is labeled as x” for simplicity here).

An infinite medium is considered, since we are only looking at the launching property of the waves.
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TM,-TE, Properties (cont.)

In the general coordinate system:

37 (xy)=dpe

H* (X, y,2) == (-0)(A)e s grik

™
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Two cases of Interest:
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Split general phased current into two parts:
P — 1 1P 7 1P
is (X’ y) _ H‘]su (X’ y)_l_M‘Jsv (X’ y)

/ N

Launches TM, Launches TE,

|

&l\

> —S
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Transverse Fields
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[rm
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Transverse Fields (cont.)

| <>
| >

X,

=-|
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Transverse Equivalent Network (TEN)

TEN modeling equations:
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TEN (cont.)

)
Z-TM — kzi
| we
)
" Source

)

k, = (k2 k2 —k2)"




TE

zZi

(ki2 B kf B kj )1/2

TEN (cont.)

ITE 1+ VTE B
O A
ZTE I T k
I Zi
O O
I " Source
O O
O O

34



T™

Phased current sheet inside layered medium

® H!
- » Z=1,
® H, 32 (% y)
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Source Model (cont.)

Hy (% y)-H, (x,y)==3& (xy)
so H,-H,,=-J"

su0

Hence

Also gx(g—g)zo

= (zxg)(EJ_Eu_):Q = EJ:Eu_ = EJo:Eu_o
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Source Model (cont.)

TM, Model:
Z + V™ —
I ™ A

@) O

™
Is

@) O




Source Model (cont.)

TEZ Model: n VTE B
ITE A
@) @)
(derivation omitted) | TE
S
Q @)
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Source Model (cont.)

The transverse fields can then be found from
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Source Model (cont.)

Introduce normalized voltage and current functions:
(following the notation of K. A. Michalski)

ViTM/TE (Z):V TM/TE (Z) when ISTM/TE :1 [A]
IiTM/TE (Z): I TM/TE (Z) when ISTM/TE :1 [A]

Then we can write;
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Source Model (cont.)

The transverse fields are then expressed as

41



Find E, (X,y,z) forz>0due to a surface current at z =0,

The current is radiating

/ ’
in free space. //
k, =~/5Kk,

42




Decompose current into two parts:

— k
EX:EU(QX)_FEV(QX) tan¢=k—y:0_5
¢ = 26.57°
y
G >A<—cos§—kx— 2 .
- k. /5 v -
A A~ . — ky 1 \ /T
M'KZ—S|H¢=——:—— >
k. 5 §=26.57°

3 (%)
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=il

K X+K,y

kxEuo_kyEv0:| . )
k V ™ (Z)+ kyV TE (Z)] e—j(kxx+kyy)
™ () e ()1 Jo

™ (2) (25 8)+ W () (25 -3) Jo 10
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.-pW|H ﬁW||_\ '_PX|H .-?‘_||4
! |

_kaiTlvI (Z)(_ispo Q)"‘ kyViTE (Z)(""ispo ﬁ):| e_j(kxx+kyy)
V™ (2)(=32 )(R-8)+ KV (2) (+35, ) (x- 8 e )

:kaaTM( )(—32)(cos ) +kViT® (2)(+32 )(- sm¢ﬂ i(kocrkyy)
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Hence
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TM, Model

For z>O0:

47



TE, Model

For z>0:
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Example (cont.)

Hence

= o

U

sx0
t
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Substituting in values,

we have: . y t :
Kzo = — 12Ky ZOTNI = —]2n, ZoTE = JU_ZO Joo =1
Hence
Ex (X1 Y, Z) — _12 4k5 (— J770 ) + k02 ﬂ e—j(2k0x+k0y) e—2koz
5k, 4

Ex (X, Y, Z) _ 1770 |: 15:| e_jko(2x+y) e_zkoz
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Finite Source

For a phased current sheet: (X y) _so e

E,(xy,2) =0V (2)(-25, -0

—i(kex+kyy)

)e—j(kxx+kyy)

#9(V (2))(+25, - 9)e

Recallthat J&, = = J (k k
(27)°

X1ty

)dk, dk,
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Spatial coordinates Wavenumber plane



E

t

We can also write (from the definition of inverse transform)

E.(x,y,2) 2 TTEt et y)dk dk,

—00 —00

Comparing with the previous result, we have

£ (K, K 2) = 8V () -3, 8]0V (2)[ 4]

Similarly,

H (K Ky, 2) =01 (2)[ I,V [+ 9 1™ (2)] -J, -4 |

This motivates the following identifications:
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TEN Model (cont.)




TEN Model (cont.)
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TE. :

ITE

TEN Model (cont.)

, V' — ¢

ITE
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Example

Find E (Xx,Y,2)



y

g 95

jVTM (Z){k—j]vm (2)
L-La]e | o
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Example (cont.)




G(x=x,y-Yy,2,2")=

where

Q)

XX

)

YX

Q)

ZX

)

Xy

)

Q)

zy

Q)

XZ

)

Yz

Q)

77

Gij = E, (X, Y, Z) due to the unit-amplitude electric dipole at (x',y’,z')
J(xy,2)=J5(x=x)3(y-y")o(z-7)

From superposition:

(x,y;2,2") j Ig (x—=x,y-y,2,2")- I, (X, y";z")dx"dy’

where E =

J

SX

sy

sz |

We assume here that
the currents are located
on a planar surface.
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E(x,y;z,2') TT

IIO

This is recognized as a 2D convolution:

E:g*ls

Taking the 2D Fourier transform of both sides,

E =

||CDz

J,

where

G
I
G

kkzz)

X1 y!

x=x,y—y5z,2')- 3, (x,y,2")dx dy’
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M
G

'is

Assuming we wish the x component of the electric field due to an x-
directed current J., (x”,y”), we have

~S

E =G._J

X XX SX

In order to indentify G, , we use

1 %% 1 - | |
EX(X, y;Z’Z’) — (27[)2 J;)J;_F Jsx(kx’ky)[kaiTM (Z,Z )+k§ViTE (Z,Z ):|

t

e 1Y) g gk
Xy
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[T

e Mgk dk,

d

E, (K, k,;z,2') :(—k—lz[kfviw (z,2')+k2V,™ (z,z’)]]jsx (.. K, )
t

E(xyzz)—(zﬂ) j_f

—00 —00

Recall that EX — éxx JSX

Hence GXX (kx,ky; Z, z’): _k_lz[ksziTM (z, z')+ kyZViTE (z, z’)]

t
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Dyadic Green’s Function (cont.)

We the have

The other eight components could be found in a similar way.

(The sources in the TEN that correspond to all possible sources are given on the
next slide, and from these we can determine any component of the spectral-domain
Green’s function that we wish, for either an electric current or a magnetic current.)
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These results are derived later.

™ —
V™ _E ~
ITM = H" I;I-M :_jsu VSTE :_Msu
u
VTE :_EV VSTM :_Msv-l_(ﬁ)jsz IsTE :Jsv+[£jlvlsz
~ we oy
TE
™= A,

Definition of “vertical planar currents”:

J,(xy.2)=3,(xY)o(2)
M, (X y,2) =M (X ¥)d(2)
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V, = voltage due to 1[A] parallel current source
TM " l; = current due to 1[A] parallel current source
V, = voltage due to 1[V] series voltage source
|, = current due to 1[V] series voltage source

S
| ™ )\
™
o +V — 0
™
IS
O O

ITM1

S+Vv™ =4
O,
VSTM
@ CP

VTM (Z):VVTM (Z)VSTM
ITM (Z): IJM (Z)VSTM
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V, = voltage due to 1[A] parallel current source

TE . | = current due to 1[A] parallel current source
- V, = voltage due to 1[V] series voltage source
|, = current due to 1[V] series voltage source

i i

| TE | TE
& +V'E -4 S+VvE—§
—(o— @,
I;-E VSTE
O @) O O
VTE(Z):ViTE(Z)ISTE y™ (z)=VVTE(Z)VSTE

15 (2) =15 (2)1F 1™ (2) =15 (2)V,"

67



L)

*%

L)

L)

L)

*%

L)

*%

Physical derivation of method for planar electric surface currents.
Examples involving planar surface currents:

 Microstrip line

O Microstrip patch current

General derivation (Fourier transforming Maxwell's equations) that
allows for all types of sources to be included in one general derivation.

Examples:
1 Vertical dipole over the earth (Sommerfeld problem)

O Slot antenna covered with radome layer (magnetic current)
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Microstrip Line

Dominant quasi-TEM mode:

J, (% y)=B(y) e

We assume a purely X-directed current and a real wavenumber k.

69



Fourier transform of current:

Jo (Ko k, ) =1 lez V7 iy Te‘jkxoxejkxxdx
SX X1ty 0

Jo (Ko k) =143 [kyzw) 275 (K, — Ky ) |

70



Jo (keoky ) =153, kaTWj 275 (K, —Kyo) |

E.(X,;0,0) = (27z) joo joo —= T, [KV™ (0,0)+k2 V™ (0,0) ]
e"(kxx*kyy)dkxdky
2=0,2=0
Hence we have:
f w—iz ( j[zw (ke —Kyo) ][ kKZVi™ (0,0)+k: V™ (0,0) |

e s )k, dk,

71



E. (X,¥;0,0) =

Integrating over the ¢ -function, we have:

E,(x,y:0.0) = e o oXj——J ( . j [K2,V,™ (0,0)+k2V,® (0,0)] e "")ak

y

where we now have k? = k2, +k?

:Jké—ktzz\/(kg—kfo)—kj K,, = klz_ktzz\/(k2 kz) ky

72



Enforce EFIE using Galerkin’s method:

w/2 The EFIE is enforced
I EX(O, y’O’O)T(y)dy:O on the red line. _— Y
—w/2
where T (y) = B(y) (testing function = basis function) X
Recall that
E, (X, y;0,0) = 0 T of 1, W k2 V™ (0,0)+kZV,™ (0,0) | e " dk
(27) . kt2 2 . Yo Y

Substituting into the EFIE integral, we have

I, ¢ 1 k w) .
en ! (ﬂ T (k) [k V™ (0.0) + K2V (0,0)] dk, =0
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y

! (k—wj T (K, ) [k V™ (0,0)+k2V/™ (0,0)] dk, =0

Since the testing function is the same as the basis function,

¥ k —k
| k_12 J, (yTWj Jy (Tywj k3, V™ (0,0)+k2V,™ (0,0) ] dk, =0

oot

Since the Bessel function is an even function,

r k



Microstrip Line (cont.)

Using symmetry, we have

This is a transcendental equation of the following form:

Note: k, <k,, <k

75



Branch points:

kzzo - kc? _kt2 - kc? _(kfo +k§)

1/2 .
_ 2 2 2 Note: The wavenumber k,,
Hence kZO o ((ko N kx0 ) N ky ) causes branch points to arise.

=-j(kj -
= —j (K2 + kfo )”2
=ik, = i) [k, + i =7 )

::> kyb =T J\/kfo



Poles (k, = k;):

k2 =k2 +k% =k

2
™,

2
= kyp = k'I%I\/IO - kfo

or kyp = ij\/kfo _szl\Ao
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Branch points: k., =+ j./kg —k;

Poles: k, = J_rj\/kxz0 — kTZ,\,IO

k

yi

yp

yp

yr
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Note on wavenumber k.,

Kyp =% (kfo - szl\/l0 )1/2

yp
For a real wavenumber k ,, we must have that Ky, > kTM0

Otherwise, there would be poles on the real axis, and this would correspond to
leakage into the TM, surface-wave mode of the grounded substrate.

The mode would then be a leaky mode with a complex wavenumber k.,
which contradicts the assumption that the pole is on the real axis.

Hence

Ko < Kpm, <Kyo <K

79



If we wanted to use multiple basis functions, we could consider the
following choices:

Fourier-Maxwell Basis Function Expansion:

Jg, (X, y)=e o L Z{Za cos(2 ﬂyﬂ

Jo (X y)= e"kmx\/(g -y {ib sin [(2” —Wl)fryj }

Chebyshev-Maxwell Basis Function Expansion:

et [, (2] (2t
(3) -

80



We next proceed to calculate the
Michalski voltage functions explicitly.
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Z kZO Kzo = (kc? _kfo _kj)z
™ !
V,™ (0,0) |+ (VAL kyy = (K2 —k2 —k2)?
v,"™ (0,0
ZJM + i ( )_
ZTM 1[A]
1 I(zl
Z=-h
Z(‘)I'M _ Ko Z%Lkzo) ZlTM _ Ky _ Mo (ku]
W&, 0 ws; & K,
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‘ Kyo kyo = (k2 k2 —k
TE
Vi~ (0.0) A Vit - Ky = (k7 — ki —k;
V™ (0,0)
Z:;5 |+ —
z=0
1[A]
Zl kzl
Zz=-h
71E _ Ot _ Ty ZTE _ Ot _ ok

’ kzO (kzo /kO) 1 kzl (kzl / kO)



Microstrip Line (cont.)

At z=0 K,o
Vi (0,0) — Zin Ii 1 + Vi —
— + _\1
=Y, 1_(Y +Y, ) 2. +vi(o,o)_
=[Y, - jY, cot(k,h) ] 4@— 2=0
1[A]
Zl kzl
Hence 7=—
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Effective dielectric constant

10.0

9.0

8.0

7.0

6.0

5.0

-]

Weiss and Bryant
and
Maxwell Function

Dielectric constant of substrate (&)

Parameters: w/h = 0.40

2
k
ff
8:.9 — x0
I(0
W eff
h ] 2

E. J. Denlinger, “A frequency-
dependent solution for microstrip
transmission lines,” IEEE Trans.

Microwave Theory and
Techniques, vol. 19, pp. 30-39,
Jan. 1971.
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Effective dielectric constant

12.0

11.0

10.0

9.0

8.0

7.0

i\ ——
| gr .-—""’ﬂ-_--.—-
Frequency variation
- l | | | | L il i ]
0 2 4 6 8 10 12 14 16 18
Frequency (GHz)

Parameters: ¢ = 11.7, w/h = 0.96, h = 0.317 cm

eff kxO

E. J. Denlinger, “A frequency-
dependent solution for microstrip
transmission lines,” IEEE Trans.

Microwave Theory and
Techniques, vol. 19, pp. 30-39,
Jan. 1971.
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Microstrip Line (cont.)

Characteristic Impedance
1) Quasi-TEM Method

W
I

Original problem Equivalent problem (TEM)

We calculate the characteristic impedance of the equivalent
homogeneous medium problem.

87



Using the equivalent TEM problem:

7 = L _ I—o (The zero subscript denotes the value
OV A when using an air substrate.)
0™r

air 1 w
—> LZ,=~4, — hI &,

eff

&y

Simple CAD formulas may be used for the Z, of an air line.

60 In(@+ﬂj * for ﬂél
w 4h

2" = 1207

w
© for—2>1

(%+1.393+0.667 In (%+1.444D
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2) Voltage-Current Method
1 0

V() _V(0) jEZ (0,0,2)dz

“7T00 10 1,1

E, (kx,ky, Z) :w—go(kt) 1™ (z) (derived later)

_ -1

- (kt)IiTM (Z)(_jsg)

W&,

_ 1 (k) 1™ (2)(-J )cosg

W,




((21)2 T T Ez(kx,ky,z)ej<kxx+kyy)dkxdkyJ dz
T % —00 -

[ 21 _ ]O ]O Ez(kx,ky,z)dkxdkdez

[(271[)2 iz;j(kt) |™ (z)(—jsx)L%jdkxdky]dz

t

Z, :/I—{}h {(21)2 ZI_—(:(kt) 1™ (z)(%J{kVTWJ | 2705 (K, —kxo)]jwjdkxdky}dz

t
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8y ((271[)2 zzwi%(kt) ™ (z)[ Jo(kyTWj (275 (K, kxO)JJ[Edekxdky]dz

t




Microstrip Line (cont.)

The final result is

92



™
We next calculate the function + Vi —
™
Ii (Z) ZJM 1[A] 7
c»—@——o i
™ 1 ™
Z, 1™ (2) h

IM(z2=0")= —LVZ(,O)] ) _@_] ) _( j ZTT/M[inglEL)nh))
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Because of the short circuit,

1™ (2)=Acos(k, (z+h)), —h<z<0
At z=0: 1" (O‘): Acos(k,h)

Therefore K (O‘)
A=
cos(k,,h)

Hence
cos(k,, (z+h))

IiTM(Z)zliTM(O)( cos (k) J -h<z<0

94



Hence

o)

or

1/D, (k)

jZ,™ tan(k,h)

cos(k,, (z+h))

|

cos(k,;h)

—h<z<0

" 1 (1
" (Z):_Dm(kt)(JzJM

I

cos(k,,(z+h))
sin(k,,h)

J
J
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Hence

ITM

where

Dm(

k. ,K

X1y

i (Z):_Dml(kt)( . Mcos(kzmh))

jz,™ sin(k,;h)

):YOT“" - jY,"" cot(k,;h)

J

96



We then have

F(k )= Jq 1™ (z)dz

- [ el

:_Dml(kt) jleTM sin(izlh) Thcos(kzl(z+h))dz
Sx v Cooen) G}
:_Dml(kt) J'le”” Sin(izlh) _ism(k“h)}
Hence
1 1
- 0)--5 ol 72 )
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3) Power-Current Method

ZO:‘ZIPZ(O: 2 TTSZ(O,y,z)dzdy
—o0 —h

() [1(o)f

Note: It is possible to perform the spatial integrations for the power
flow in closed form (details are omitted).
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4) Power-Voltage Method

L MO MOf
0 2 Z(o) 00 00
Zj jSZ (0,y,z)dzdy

——h
Z
T
W

h v T I

Note: It is possible to perform the spatial integrations for the power
flow in closed form (details are omitted).
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Comparison of methods:

= At low frequency all three methods agree well.

= As frequency increases, the VI, Pl, and PV methods give a Z, that
iIncreases with frequency.

= The Quasi-TEM method gives a Z, that decreases with frequency.

= The PI method is usually regarded as being the best one for high
frequency (agrees better with measurements).
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Quasi-TEM Method

520

CHARACTERISTIC {MPEDANCE (Z,)

A
-
o
oy

Mz

508

=15.87, h=1.016 mm, w/h = 0.543

E. J. Denlinger, “A frequency-

504 dependent solution for microstrip
transmission lines,” IEEE Trans.
Microwave Theory and
500 Techniques, vol. 19, pp. 30-39,
Jan. 1971.

436

1 ! I | 1 1

° 10 20 30 40 50 60 70 80

FREQUENCY (GHz)

Fig. 9. Characteristic impedance versus frequency
(same parameters as in Fig. 8).
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34
33 Our approach
P-l

32
o N //
® 7
o 30 ”
= rd
o rd
E. 29 /

4
E e
= 28 >
/| F. Mesa and D. R. Jackson, “A novel
27 ' approach for calculating the characteristic
// impedance of printed-circuit lines,” IEEE
26 ”~ Microwave and Wireless Components
- o~ Letters, vol. 4, pp. 283-285, April 2005.
25 /——
0 5 10 15 20 25 30 35 40
Freq (GHz)
Fig. 3. Results for the characteristic impedance of a rmcrostrip with w = 3
mm, f# — 1 mm, £,. = 10.2.
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58 | (Circles represent results from another paper.) 22/
Vi
Q
52
46 Z
w Vel
B Bianco, L. Panini, M. Parodi, and S. Ridella, “Some considerations about the pPVe z
frequency dependence of the characteristic impedance of uniform microstrips,” IEEE \
Trans. Microwave Theory and Techniques, vol. 26, pp. 182-185, March 1978.
40 1 ‘
1.0 '
4.0 8.0 12.0 16.0
Z|Z,| Z, Z,] € GHZ

! Z 3

£

§

for f—»10

Limit -value [Q]

4835 148.35148.35

4835

4335

for [ —»omx

Limit value[ Q]

40.06| 80.00; &1.48

104.44

.10

& =10, h=0.635 mm,w/h =1

¢ = effective voltage (average taken over different paths).
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Physical derivation of method for planar electric surface currents.
Examples involving planar surface currents:

O Microstrip line

L Microstrip patch current

General derivation (Fourier transforming Maxwell's equations) that
allows for all types of sources to be included in one general derivation.

Examples:
1 Vertical dipole over the earth (Sommerfeld problem)

O Slot antenna covered with radome layer (magnetic current)
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Find E, (X, Y, O)

Dominant (1,0) mode:

Jg (X, y):vivcos(%xj
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Recall that

E =G, J

X XX T SX

G~xx (kx,ky; Z, Z,): _k_l2|:kfviTM (Z, Z’)+ k;ViTE (Z, Z’):|

t

In this problem

7' =
7 —
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Jg (X, y):Wicos(ﬂ—ij

3 1 L2 zy) w2
Jsx(k k ):W cos(—je’kxxdx j e’ dy

X1ty
L/2 L -W/2

L
1 cos(kXZJ

Ky K, ) =2
k, L

Jo (KoK, ) = > | T : sinc(kyW?j
@ _( 2 j _
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Z kZO Kzo = (kc? _kfo _kj)z
™ !
V,™ (0,0) |+ (VAL kyy = (K2 —k2 —k2)?
v,"™ (0,0
ZJM + i ( )_
ZTM 1[A]
1 I(zl
Z=-h
Z(‘)I'M _ Ko Z%Lkzo) ZlTM _ Ky _ Mo (ku]
W&, 0 ws; & K,
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. kzo kzo :(ko2 _kfo _kj)z
TE
Vi (0,0) |_TE + V|TE_ kl :(k12 _kzo _kZ);
i V'S Z X y
V,E (0,0)
Z:;5 |+ —
z=0
1[A]
Zl kzl
Z=-h
ZTE _ O,y o 7TE _ o, M,
o - - 1 —
kzO (kzo /kO) kzl (kzl / kO)
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Patch Antenna (cont.)
At z=0:
V. (O, O) =7
=Y, = (Y +Y, )
=[Y, - jY, cot(k,h)]"

Hence
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D, (kx , ky) =Yy =Y, COt(kzlh)
De (kx ’ kY) - YoTE - leTE COt(k21h)

Note: D, (k K ): D, (kt)

X1ty

Hence, we have

E, (K. k,,0)=Jg (K., ) (‘ klzj{[)mk(xzkt) ' Dek(ykt)}
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Patch Antenna (cont.)

Taking the inverse Fourier transform, we have
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Find E, (x,y,z) inside the substrate for the same patch antenna (-h <z < 0).

VxH = jos E
=1 oH, oH,
* jowe | ox oy
N 1 o -
E, = —jk A, + jk H
ja)é‘l( jk,H, + jk,H, )
1 -
= (—k,H, +k,H, )
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<>
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cancels

or

or
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Example (cont.)

The result is then
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Example (cont.)

Hence, in the space domain we have

Note: Only TM, waves contribute to the vertical electric field.

On the next page we start calculating the term IiT'VI (Z)
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™
We next calculate the function + Vi —
™
Ii (Z) ZJM 1[A] 7
o—@—o i
™ 1 ™
Z, 1™ (2) h

IM(z2=0")= —LVZ(,O)] ) _@_] ) _( j ZTT/M[inglEL)nh))
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Because of the short circuit,

1™ (2)=Acos(k, (z+h)), —h<z<0

At z=0: I (O‘): Acos(k,h)

Therefore
IiTM (O_)
A=
cos(k,,h)

Hence
cos(k,, (z+h))

™ (2)= 1™ (o){ o J ~h<z<0
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Hence

™ (1) _( 1/D, (k) j (Cos(kzl(”h))]

jz,™ tan(k,h) cos (k)
—h<z<0
or
™ (2)=—— ( e JLCOS(kﬂ(Hh))j
D,, (k){ 12, tan(kyh) J{ - cos(kyh)
or

™ (2)=- Dml(kt)[jzllTM j [Coss(i:z(liizzj)h))]
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Example (cont.)

Hence

where
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Radiated Power from Patch

Jo (X, y)= Vivcos(ﬂTXj
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Radiated Power (cont.)

— —S

1 .
PC=—E£E-J ds

= —% T T E J. dxdy

—00 —00

Use Parseval’'s Theorem:
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Hence

cos(kX

(

3)

:)
2
k L

J

ﬁnc(kyYY)
2
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Radiated Power (cont.)

We then have
1 o0
P=-—]

8r°

~

Ty dk,dk,

o,

Using symmetry,

Polar coordinates: y (k.. K, )
l2
1 ~ |~ |2 — K,
R=- 2 j J-GXX ‘]sx ktdktd¢ 4
27" 9 ¢ ¢
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Radiated Power (cont.)

1 T2
F)Cz_27z2 '([E[GXX

Note that

j_ |k dk.dg

J,, = Real Function of (k,,k, ) for realk,,k,.

X1ty

Hence

~ |2
'Jsx

Note: jSZX Is analytic but

IS not. This is a preferable form!
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Radiated Power (cont.)

Imk
TM, pole

Branch point O\
X |

kl

Rek

@)
\ 4

~

0

For real k, we have (proof on next page):

Hence, we can neglect the region
imag, kt > ko k; > Ko, except possibly for the pole.

XX

: {complex, k, <K,
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Proof of complex property:

< 1] K K
Gxx(kt’¢):_k2 {Dm(kt)+ De(kt)}

t

Consider the following term (D, is similar): always imaginary

D, (k. )=Y,™ — j¥,™ cot(kh)

RN

3 1 K ™ real, k, <Kk,
imag, k, > K,
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Space-Wave Power

<+ The region k, €(0,k,) gives the power radiated into space.

“*The residue contribution gives the power launched into the TM, surface wave.

- L Rek,
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The pole contribution gives the surface-wave power:
_1 w2 B . . .
—Re [ [ G, (kg) I (k ¢) k dk dg

2 0 Cgy

PSW =

From the residue theorem, we have

wl2

Py = 2;2 Re | -] Res{éxx(kt,i)jfx(kt,g)kt}k_k dg
0 t =" p
= 2—7[12 Renf_ﬂj ke J2 (ktp,i) Res{é'XX (kt,ﬁ)}ktzkw dg

0
wl2 . .

-k, Re | j J%(k,.¢)Res{G, (k. 4)]  dg

272' ke =kip
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| cos’g . sin’ ¢
B Dm(kt) De(kt)

The residue of the spectral-domain Green’s function at the TM pole is

-
ResG (k , ¢) — Cos” ¢ Note: This can be calculated
AT kt=ktp D’ (k ) in closed form, but the result

| MU is omitted here.

= pure imaginary

where
D, (k)=Y,"™" —jY,"" cot(k,h)

m
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Surface-Wave Power (cont.)

Since the transform of the current is real (assuming that ki, is real), we have
w2

P, =k [ 3z tp,¢)Re[JRes{éxx(kt,i)}ktzkt }d@

tp
27T A

Since the residue is pure imaginary, we then have
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Total Power

The total power may also be calculated directly:

Imk

Note: h, = 0.05 k, is a good choice
CR for numerical purposes.

y —X | Rek,
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The surface-wave power may then be calculated from:
Psw = PTOT — PSP

This avoids calculating any residues.

Rek

134



Results: Conductor and dielectric losses are neglected

EFFICIENCY (%)

100

(00)
o

N
(@)

(@)
o

N
o

07‘

O 0.01 0.02 0.03 0.04 0.05 0.06 0.0/ 0.08 0.09 0.1

&=220108 W/L=15
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Results: Accounting for all losses (including conductor and dielectric loss)

100 |
2.2
v '-m
80 |-/ TR
N R exac
> 60 X
e | N\ U IR CAD
- €&r =10.8 i,
O i
II:IL_ 40 ‘\ \
“ 1} tns=0.001 \‘/\
20 rff o =3.0x10" [S/m] N \
0.02 0.04 0.06 0.08 0.1
& =2.20r10.8 W/IL=15
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Physical derivation of method for planar electric surface currents.
Examples involving planar surface currents:

O Microstrip line

O Microstrip patch current

General derivation (Fourier transforming Maxwell's equations) that
allows for all types of sources to be included in one general derivation.

Examples:
O Vertical dipole over the earth (Sommerfeld problem)

O Slot antenna covered with radome layer (magnetic current)
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In this part of the notes we derive the SDI formulation using a
more mathematical, but more general, approach
(we directly Fourier transform Maxwell’'s equations).

¢+ This allows for all possible types of sources (horizontal, vertical,
electric, and magnetic) to be treated in one derivation.
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Start with Ampere’s law:

Assume a 2D spatial transform: V= X(_jkx ) + y(—jky)

:_j(ka_l_gky)

- Jk,
:_jktg
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Hence we have (—jkt U+ 2E)x H=J+ josE

Next, represent the field as HNt =0H,+V I:IV
=8(H-0)+4(H-9)
Note that
o ) y
Uxv=2 v
ZxU=V -
ZxV=-U .

Take the Z, U, v components of the transformed Ampere’s equation:
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2) _ Jkt v j; T ja)géz
T} LTI, [P
- PR
N .o~ OH - -
V) jkH,+—%=1J, + jocE
0z !
Examine the TM, field: (Eu H,, EZ) (Ignore V equation)
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We wish to eliminate Ez from Eqg. (1). To do this, use Faraday’s law:

II'I'I
Il

-M' - jouH

~ =

M' - jouH

:>[‘Q2§]E

Take the ﬁ component of the transformed Faraday’s Law:

‘I, = aEu 7 - T
Uxv=12 JKE, + 7 =-M, - JouH, (3)
Ixu=yv
Zxy=-U
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Substitute E, from (1) into (3) to eliminate E,

or
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Note that

Hence
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Equations (2) and (4) are the final TM, field modeling equations:

H -
g Y =-J, — JoeE,
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Define TEN modeling equations:

We then have

V™ (z2)=E,(k,.k,.2)
1™ (2)=H, (k,.k,,z)

~

oH, = —jlij — ja)gléu
0z

— 2
oE, :_M;{ij; { LS jﬁv
0z Joe
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LAz It

A
+
——CAz V'
o)

Allow for

distributed O

sources AT :VSAZ—(LAZ)—(FHSAZ)
ot

Az—>0 so @:Vd—L@
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Hence, in the phasor domain,

oV

—=—joLl +V
0Z
Also,  i"—i~ :ifAz—(CAz)av
ot
Az —>0 so ﬂ:@_C@
0z ot
Hence, we have
ol .
— =—jwCV +1!

/i
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Compare field equations for TM, fields with TL equations:

™
al@ :—ja)gVTM —jl: %Z—JCOCV-I-lSd
Z

™ 2
o " _kz |™ _|\7|Vi+(ﬁjj; a—V:—ja)LI +V ¢
0z jwe 0z
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We then make the following identifications:

C=¢
k2
ol =
&
Hence
2
k," = ovLC =a)\/(al:§gj5:kz kZTL =K,

SO

g Lo [[X )1 _k Zy =
° C w'c e  we wé
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For the sources we have, for the TM, case:
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Sources: TM, (cont.)

Special case: planar horizontal surface current sources:

Assume

197 =-J3i=-J} &(2)

S

Then we have | |
VS =-M;=-M] 5(2)

These correspond to lumped current and voltage sources:

| ™ = —ji lumped parallel current source
S Su

VM —_M! lumped series voltage source
S SV
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Sources: TM, (cont.)

For a vertical electric current:

Assume J)(X,Y,2)=J35,(X,Y)5(2)

“planar vertical current distribution”
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J,(xy.2)=35(x)8(2)

v;’””{ﬁjii(k )= (kj (k. k,)5(2)
& &

This corresponds to a lumped series voltage source:

) 5
" :(_tjjsz(kx, K,)

e
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Special case: vertical electric dipole
J,(x,y,2)=6(x)5(y)5(2)
Jo(xy) =58(x)5(y)

—> J;Z(kx,ky)zl

Hence VST'VI :(ﬁj

&
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Define VTE(Z)E ~E
ITE(Z)E (
TE
N = —joul ™ —M!
oz
o' _ k; VA K
0z jou "\ ou
We then identify L=pu
k2
wC =

o

1

kK .k ,z

K .k ,z

X! y!

X ! y!

~ =

M.

=

)

)

—joLl +V!

—jwCV +1¢
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For the sources, we have

VdTE Mi
S — Wiy

d'® i kt 7
Is — v+ - I\/Iz

Special case of planar horizontal surface currents:

~ -

VSTE — —|\/| S'u lumped series voltage source

|
= +J lumped parallel current source

ITE Ti
S SV
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For a vertical magnetic current:

Assume M) (X,Y,z) =M, (X, Y)5(2)

This corresponds to a lumped parallel current source:

Thenwe have 1" = (Lj M, (kx, ky)
wu
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Special case: vertical magnetic dipole

M. (X, y,2)=38(x)5(y)5(2)

ML (X, y)=8(X)5(y)
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Results for 3D (volumetric) sources

Horizontal

VTI\/I . E IdTM __ji
- u S u

™ . ~ dTM ~ i

™" =H, V., =-M,
V'E=_E e s
Y 1 =+]!

TE

|~ =H, e -
Ve =—M!

Vertical

VA (ﬁj
° W&

j’i

z

Distributed sources:
either parallel current sources
or series voltage sources
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Results for 2D (planar) sources

Horizontal Vertical
™ _ ¢ |™ _ _ji
\l/TM = E Vg v :(éj ’
=H, . o
VTEZ—EV ITE__ kK ) -~
I"™ =H, VSTE |\7'|$Vi g :(W_LJM;Z
s —  Wilgy

Lumped sources:
either parallel current sources
or series voltage sources
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ITI\/I ITE

I TM/TE
S

\/ TM/TE (Z) :ViTM/TE (Z) |STM/TE

ITM/TE (Z): I_TM/TE (Z) ITM/TE
! S

7\
\J
)
\

VTM/TE (Z) :VTM/TE (Z)VTM/TE

ITM/TE (Z) — ITM/TE (Z)VTM/TE
v s
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I TM/TE
i

Michalski functions

7\
\J
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** Physical derivation of method for planar electric surface currents.

L)

L)

>

Examples involving planar surface currents:

L)

O Microstrip line

 Microstrip patch current

4

*» General derivation (Fourier transforming Maxwell's equations) that
allows for all types of sources to be included in one general derivation.

L)

s Examples:
O Vertical dipole over the earth (Sommerfeld problem)

O Slot antenna covered with radome layer (magnetic current)
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Sommerfeld Problem

In this part of the notes we use SDI theory to solve the classical
"Sommerfeld problem" of a vertical dipole over an semi-infinite earth.

Goal: Find E, on the surface of
Z the earth (in the air region).
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Planar vertical electric current :

kt jsz (where J, (% y,2) =3, (X, Y)5(Z))

W&,

™ _
V., " =

(the impressed source current)

For a vertical electric dipole of amplitude Il, we have

J,(x,y)=(115(x)5(y))s(2)

Hence Jg, (X, y)=115(x)d(y)

Therefore, we have VST'VI =

167



TEN:

ZJM VSTM T K,
wE,
7 — _1_> VSTM
[ 7
ZTM
1

The vertical electric dipole excites TM, waves only.
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Find E, (x,y,z) inside the air region (z > 0):

Jog, | OX oy
. 1 -
E, = o (-ikH, + jk,H,)
1
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cancels

&H+ky{l:lu
kt

or

or
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Hence

EZ(kx’ky’z):_—1(kt)|TM (2)

W&,

We use the Michalski normalized current function:

=1 v = @) ]

0E,

(The v subscript indicates a 1V series source.)

We need to calculate the Michalski normalized current functionatz=0
(since we want the field on the surface of the earth).
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Calculation of the Michalski normalized current function

™
ZO

™
ZO

K
ZM =20 kyo = k& —KZ — K’
we,
7 Ka ks = lZ—K K2
1 — z1 1 X y
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This figure shows how to calculate the Michalski normalized current function:
it will be calculated later.
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Return to the calculation of the field:

() 220 0f o ]

Hence we have

E, (X, y,0) = : 2 T

or

—00 —00
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EZ (X’ y’o) _ 1 L 1 J J‘ J‘ I\'/I'M (O) e—j(kxx+kyy) kt2 dkxdky

Note: |V (0) is only a function of Kk,

Change to polar coordinates:

X = pCOS ¢ k, =k, cos¢g

| / dk, dk, — k, dk dF
y=psing k, =k, sing
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(27)

—00 —00

E, (x,y,0)= —— [wg ]”FM e 1Y) 2 i dk,

@ Switch to polar coordinates
dk, dk, — k; dk, d¢

1 1 r T ki Cosg pcosg+k;sing psing) | 7
E (x,y,0)=— 1M (0) k3 [ g itkeomproeosdrisingosing) 7y
(x.%.0) (2ﬁ)2[(wgo)2]£ 0k j t
e ()=t L oy e g
(272') (C{)EO) 0 0
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Use a=¢ —¢
27 _ _ . 27 —¢ ) 27 .
J‘ e—](ktp)cos(¢—¢) d¢ _ j e—j(ktp)COSa da :J‘ e—](ktp)cow da
0 — 0

We see from this result that the vertical field of the vertical electric
dipole should not vary with angle ¢.

27
Integral identity: | = J’e—j(ktp)cos(x da =273, (k,p)

0
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Hence we have

E, (p,O) :_(ZI:T)( . ]I ‘JO(ktp) IJM (O) kt3 dkt

This is the “Sommerfeld form” of the field.
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We now return to the calculation of the Michalski normalized current function.

1" (0) :

™ ™ ™ ™ 1V
e [ @ e Y ]
L » 7
V™ (z) = Ae ¥ 4 Bet e’ ™ ZS
_ + jK;02 T™ 4- Jk,02Z ™ ™
O<z<h _B(e +ITe O) :Zl —Z,
zZM+2Z"

B _ _
™ . . + jK, o2 ™ - jk,02
|, (z)—ZTM( e o T ™Me 0)

0
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7 1TM ( ™ 7 JM VVTM ( z) 1V 7 glvl

Z>h

Here we visualize the transmission line as infinite beyond the voltage source.
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Boundary conditions:

VVTM (h+)_VVTM (h—) 1

M () =1 (h7)
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Hence we have

VVTM (h+)_VVT|v| (h—) -1

:> Ce_jkzoh—B( +jk h+FTM jkoh):1

M (ht) =1 (h)

C e_jk20h — B

183



Substitute the first of these into the second one:

Ce Mool =14+ B(e Mo 4 T™e Mol )

d

C o kooh _ (_e+jkzoh L™ @ koo )
7 TM 7™
0 0
This gives us
. B B _ B
—_ [1+ B(erZOh L T™ @ kaoh )] - (_e+jk20h +T™e szoh)
Z, Z,
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1‘M [1_|_ B( ot koh | T g ikzoh

0

[1+B ’“#Wh)] B _etlk h+Mk h)

@ cancels

B(Ze”kw“ ) =1

Hence we have B = _ie—ikzoh
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For the current we then have

B _ _

™ _ +jK, 02 ™ L—jk,o2

1M (2) = — (—e oz L T™ g Jkeo )
0

with B = _ie_jkzoh
2

Hence
1

e_jkzoh (_e+jkzoz + FTM e—jkzoz )

1
27

Forz=0: 1, (0) (1—FTM )e‘jkzoh
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We thus have

£, (p.0) =7 {( 1 ZJTJ()(ktp) 17 (0) k)

(27)| (s, )

with 1, (0,h) = 1TM (1_FTM )e_jkwh
0
Hence

I 1 ( 1 ™ \ A= jkoh |13

E, (,010)2—(272_) (a)g )2 j JO(ktp) o7 (1—F )e k.’ dk,

0 0 0
or ) T
EZ (,0,0)2— | E 2 T J0(kt/0) L (1—FTM )e_jkzoh kt3 dkt
(272-) (a)go) 0 2 kzO
g, |
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(1-T™ )e oo |k dk,

z0
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Sommerfeld Problem (cont.)

Final Result I

189



ti

Note: A box height of about 0.05k,
is a good choice.

&.+1

(derivation on next slide)

&. = complex relative permittivity of the earth (accounting for the conductivity.)
190



Zenneck-wave pole (TM,)

The TRE is:

Z_TM _ _Z’TM ‘9rckzo — _kzl kz (82 _1) _ 82 koz _ kzg

4 ¢ 4

Zy" ==Z;" 62 (K2 —K2) = (k2 —K2) 2 _ Ecko —kote

4 a ¢

K K e.—1
0 1 2 (.2 _ 22 2 2 2 rc
——=—=—-— ktp (grc _1) =& k0 — kl ktp kO Erc 2
WE, W&, / =1
Note: Both vertical wavenumbers E =
(k,, and k,,) are proper. ktp — ko
(Power flows downward in both regions.) Ee T 1
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Alternative form: The path is extended to the entire real axis.

We use

3o(¥) = (HE (x)+ HE (1))

+

(p,07)=[ 3, (k,p)Odd (k) dk,

O‘—»S

Transform the H,Y term:

j odd (k, ) HYY (k.p) dk, _—j Odd (k, ) H? (~k, o) dk,

= : Odd (—k,) H(()z) (kip)dk!  Use ki =k,
0

0
= [ Odd(k/)H (k/p)dk/

0
= [ odd (k, )H (k.0)dk,

—00
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Hence we have

N 13\1% 0 1
(00 =4t |2 W o) T e oo

wé 20

This is a convenient form for deforming the path.
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ti

The Zenneck-wave is nonphysical
because it is a fast wave, but it is proper.
It is not captured when deforming to the

ESDP (vertical path from k).
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The Riemann surface has four sheets.

Original path C

The ESDP from the branch point at k; is
usually not important for a lossy earth.

Bottom sheet for k,,

tr
I(O

AN

Top sheet for both k,,and k,,

" Bottom sheet for k,,

Bottom sheet for both k,,and k,, 195



This path deformation makes it
appear as if the Zenneck-wave
pole is important.

ti

tr
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Throughout much of the 20t century, a controversy raged about the
“reality of the Zenneck wave.”

Arnold Sommerfeld predicted a surface-wave like field coming from the residue of the
Zenneck-wave pole (1909).

People took measurements and could not find such a wave.

Hermann Weyl solved the problem in a different way and did not get the Zenneck wave
(1919).

Some people (Norton, Niessen) blamed it on a sign error that Sommerfeld had made, though
Sommerfeld never admitted to a sign error.

Eventually it was realized that there was no sign error (Collin, 2004).

The limitation in Sommerfeld’s original asymptotic analysis (which shows a Zenneck-wave
term) is that the pole must be well separated from the branch point — the asymptotic
expansion that he used neglects the effects of the pole on the branch point (the saddle point
in the steepest-descent plane).

When the asymptotic evaluation of the branch-cut integral around k, includes the effects of
the pole, it turns out that there is no Zenneck-wave term in the total solution (branch-cut
integrals + pole-residue term).

The easiest way to explain the fact that the Zenneck wave is not important far away is that
the pole is not captured in deforming to the ESDP paths.
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R. E. Collin, “Hertzian Dipole Radiating Over a Lossy Earth or Sea: Some Early
and Late 20"-Century Controversies,” AP-S Magazine, pp. 64-79, April 2004.

Hertzian Dipole Radiating Over a Lossy
Earth or Sea: Some Early and Late
20th-Century Controversies

R_E. Collin

Department of Electrical Engineering and Computer Science, Case Weslem Reserve University
Clegveland, OH 44106 USA
Tel: #1 {440) 442 3712; E-mail: rec2@pocwnedy

Abstract

This papear presents a contemporary solubion o the problem of radiation from a vertical Hertzian dipale over a lossy Earth.
Sommerteld's 1808 solution to the problem i re-examined, I i demonstrated that a change in sign in the square oot of the
nurmerical dislance is mathematically not allgwed, Thus, the sign emo thal has been daimed in the technical kterature for
mare than B5 years is a myth. Recenl work by King and Sandler is also examined. [ is found that dus to an incorrect asymp-
lotic expansion of the complementary armar function for the prodlam of a lossy earth or sea covered with & thin dislectric layer,
a frapped surface wave was missed in heir solulion,

Meywords: Dipale antennas; electromagnetic radiation: Zenneck surface wave; asymototic solution; alectromagnetic surface
waves
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(efficient for large distances p)

Alternative path

tp

_ko

This choice of path is convenient because it
stays on the top sheet, and yet it has fast
convergence as the distance p increases, due
to the Hankel function.

tr
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>

** Physical derivation of method for planar electric surface currents.

L)

L)

>

Examples involving planar surface currents:

L)

O Microstrip line

 Microstrip patch current

4

*» General derivation (Fourier transforming Maxwell's equations) that
allows for all types of sources to be included in one general derivation.

L)

s Examples:
1 Vertical dipole over the earth (Sommerfeld problem)

d Slot antenna covered with radome layer (magnetic current)
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Slot Antenna with Radome

Z

Find H, (x,y,0)
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™ =
W =&
™ 7
™" =H,
TE =
VE-—_E
TE i
E = il
Horizontal
™ Ti
Is __‘]su
™ _ pFi
Vs __Msv
TE i
.- =+J,,
TE _ p7
Vs __Msu
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Hence

For the slot current we have

X1ty

L
M, (K, K, ) = RV,J (k:\/j (”'—j( (kx22

We next calculate the Michalski functions.
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™
L\ TMITE _ |V (0) = >
I TM/TE A Z(‘)rM /TE . 1
IV (O) ZTE
@) @) in k
ZJM _ 20
e,
ZlTM ITE )
ZTM — kzO
n 1
Vv Q we,
—— O 77 — Oy
kzO
ZTMITE _ 7 TM/TE A tan(kzlh) 70E = alz:uo
" Y| ZMTE L jZIMTE tan (k ,h) 1
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Input impedance of slot:

A g _
K Z(Zslot) |:>

———jM H dS

slot

Therefore

P:--jlvl H dS

slot

:_EI j M_H_ dxdy

—00 —00

:_%(ijz [ [ MR, dk, dk,

(Parseval’s theorem)
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Hence, we have

L 11 %A
=32 LI

2 2
K
NI S RICIES

so that

2
slot [VO‘
Zin o

il ol

I\/ISX
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Integrating in polar coordinates, and using symmetry to reduce the
Integration to the first quadrant, we have

2
slot |V0‘
Zin o

with i |
L

R )

_ (2) ‘( 2 ) _
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