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Differentiation of Functions of a
Complex Variable

Notes are adapted from D. R. Wilton, Dept. of ECE



o Function of a complex variable: w= f(z)

Z=X+1y, W=uU-+iv

w= f(z)=u(z)+iv(z)=u(x,y)+iv(x,y)

(e.qg., f( ) z,u(xy)zxz—yz,v(x,y)=2xy)
o Examples of functions:
w=a+bz+cz®,  w= Asinh(xz)

a-+ bz -
w= = W=Zz"
c+dz+ez =




o Derivative of a function of a complex variable :

()Y i A i LA 2T ()
dz Az—>0Az  Az—0 Az

o To define aunique derivative at apoint z, the limit
o must exist at z

o must be independent of the direction of Az =arg(Az)at z

Z—I—AZ)

@ .\izz—i—AZ "o (Z) @ Af\




Denote Az = Ax +iAy w=f(z)=u(x,y)+iv(x,y)

O First, let Az = Ax:

B g Y LEEA) 1)
dz Ax—0 Ax  Ax—>0 Ax
— Im u(x+Ax,y)—u(x,y)+l_ lim v(x+Ax,y)—v(x,y) i\
Ax—0 Ax Ax—0 Ax Augustin-Louis Cauchy

df ou .0v

= |- = —+i—
dz o Ox ﬂ
- m

n
0 Nextlet Az=iAy: W

ﬂ — lim ﬁz lim f(Z+iAy)—f(z)
dz Ay—0 [Ay  Ay—0 iAy ‘
— m u(x,y+Ay)—u(x,y)+X lim v(x,y+Ay)—v(x,y)
Ay—0 ZAV, Ay—0 \i\Ay Bernhard Riemann
= 4 _ »_ ;o Question: Is a—u+i@ = @—ia—u’?
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o We found Vo taemi

a9 _ ow ov df _ v ou ® | =2
dz ox Ox dz oy 0y X
\ Y } \ Y }
Az = Ax AZ:lAy

o For aunique derivative, these expressions
must be equal. Thatis, a necessary condition
for the existence of a derivative of function of
a complex variable is that

ou Ov ou ov _ .
= & = —— Cauchy-Riemann equations

o oy oy o

o We've proved that if Ziexists — Cauchy-Riemann conditions.
Z



O

Next, we prove that Cauchy - Riemann conditions = Z’iexists (sufficiency):
A
8qu+6uAy +1i aVAx+6VAy Yoz Az
Af  Au+iAv | Ox oy ox oy @
A Az Ax +iAy z+Az
X
(au-l-iavij+ [auﬂ.évjAy
_ Ox  Ox Oy Oy Arbitrary direction Az
Ax +iAy |
ou .0v ov .Ou
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Ax +iAy Au(x,y) = ulx,y) Ax + ﬁugc,y) Ay
X V
ou .0v ou .0v
—+i— |Ax+| —+i— |(IA
_ ( X xj (8x xj( V) Av(x,y)zMAerMAy
Ax +iAy it %
(814 .5\/) M
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_ Ak O = a—u+i@ , independent of arf,r(Az):tan‘lﬂ
M ox  Ox Ax



Hence, we have the following equivalent statements:

df

o d—exists < Cauchy-Riemann conditions.
A

or

daf

o d—exists if and only if (iff) the Cauchy -Riemann conditions hold.
Z

or

e The Cauchy-Riemann conditions are a necessary and sufficient

af

condition for the existence of the derivative — of a complex variable f.
A



o We say that a functionis "analytic™ at a point if the derivative exists there
(and at all points in some neighborhood of the point).

d o f(z)is said to be "analytic" in a domain

D if the derivative exsits at each pointin D.

X

o The theory of complex variables largely exploits the
remarkable properties of analytic functions.

o The terms " holomorphic”, "regular”, and "differentiable™

are also used instead of "analytic."
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* Y = C.R. conditions hold everywhere (for z finite)
o _o__ v

oy ox

= z is analytic everywhere

¢ Example 2:

uﬁcz) v(x,)

f(z2)=z*=(x+iy)*= x +i (-y)

v Y — C.R. conditions hold nowhere
u_o_ oy

oy ox
= z* is analytic nowhere



Example 3:
1 1 xX—1iy D
Z = — =
f() z x+iy x2+y2 O X
_ X |~y
= 1y +l[x2+y2] |
- - 7 — isanalytic exceptat z=0

u(x.y) v(x.y) z

ou /+y2—,2(x2 2 av_—xz—/+ly2
ox (x2+y2)2 oy (2 2)2 ¢

= D:|z|>0

Xty

Ou_ _ —2xy = v / = C-R. conditions hold everywhere except.x=y=0(z=0).
oy (xz +y2) Ox

f(z) is analytic everywhere except at z =0. The point z=0 is called a "singularity."

A singularity is a point where the function is not analytic.
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¢ Example 4:
f(z)=sin(z)=sin(x +iy) =sinxcos(iy) +sin(iy) cosx

SW) L i) -y oy

but cos(iy) = 5 = 5 =cosh y,
i) _ i) -y _ Y
sin (iy) = € c =& "% _isinhy
21 2
so sin(z)=sin(x+iy)=sinxcosh y +isinh y cosx
u(x.y) (x.y)
— ou =cosxcosh y= @ $/ ou = sinxsinh y = _ v
ox oy oy Ox
= C.R. conditions hold for all finite =
Now use: f'(z) = a—u+i@ =cosxcosh y —isinxsinh y
ox  Ox
= cosx cos(iy)—sinxsin(iy)
=cos(x+iy) y

— coss = | f'(z)= Zsm(z)zcosz
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¢ Example

(>92\+2ZAZ+(AZ)2 —(>§2\

= = lim
dz Az—0 Az Az—0 Az
= 2z+ lim Az
Az—0
=2z

Note: The above “brute-force” derivation, directly using the definition of the derivative,
is exactly what is done in usual calculus, with x being used there instead of z.
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o ltisrelatively simple to prove on a case - by - case basis that practically all
formulas for differentiating functions of real variables also apply to the
corresponding function of a complex variable :

dz" n_1 de¥ iz dsinz dcosz
=nz =ge =cosz,

dz " dz ’ dz dz

= —sin z, etc.

—(z”) =nz"" = every polynomial of degree N, P, (z),
in z is analytic (differentiable).

P(z)

— every rational function ——= in z is analytic except

0(2)

where O(z) vanishes.



o Replacing x by z inthe usual derivations for functions of areal variable,
we find practically all differentiation rules for functions of a complex
variable turn out to be identical to those for real variables:

——=1"(2)x£'(?)
d(f(zg(Z)) = 1'(2)g(2)+ £ (2)g'(2)

5(%j ) gilg_){gl
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If /' =f(zz*)is analytic, then

o

GZ*:

(An analytic function cannot vary with z*, and therefore cannot be a function of
z*, except in a trivial way.)

All functions that contain z* are therefore not analytic, except for some trivial cases
(where the function does not really vary with z*).
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Examples:

f(z)=z* isanalytic nowhere, since ;f* =1#0 (notindependent of z *)
Z
: i .. of
f(z)=sin z* is not analytic, since Pl z*#0 (unless z=(2n+1)7/2)
Z
2 i .. of
f(z)=|z| =zz* is not analytic, since -=z#0 (unless z=0)
zZ
| N o of . .
f(z)=s1n(z)+cos(z ) is not analytic, since P =—sm(z );tO (unless z =nr)
4
z* i : i of 0
=——=1 is analytic eve here, since = 1)=0
f(Z) z* y yw oz * 82*( )
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o C.R. conditions: If /' =f(zz*)is analytic, then

ou _ 0Ov of _

Ox oy oz *

ov ou (An analytic function cannot vary with z*, and therefore

-~ - T cannot really be a function of z* except in a trivial way.

Ox oy y p y.)
Note that

z=x+iy, z¥=x—-iy

Treating z and z* asindependent variables:

C.R.
Ou(z,z* ) ou 62 Ou Oz* onds- Jy(z,z* ) ov az ov Oz*
ox 0z Gx 0z* Ox oy 0z 6)/ oz * 8y
_1 = = l = —i
N 8u+ ou _ .[0Ov Ov (1)
oz oz* &z oz
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Similarly,

ov dz* conds  gy(z,z%) gy 0z  Ou 0Oz*

Oz * Ox_ o oz o az* oy
1 —z —7

ov (Z,Z ) ov 82
Ox 1074 6x
—1
ov  Ov
— +
oz O0zF%

[ Ou ou
:_l(ﬁz - 82*) 2)

Next, consider

of  ou av

= +1

oz * oz *

from (2) from (1)

B ou
oz *

.oV
+1 = =
0z *j OZ 62

(7 azJ% %Z(aa =

—> fisindependent of z *
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A function that is analytic everywhere in the finite*
complex plane is called “entire”.

o Typical functions that are entire
(analytic everywhere in the finite complex plane):

2 3 4 5 n
l,z,z% z,z,z7,---,2" -

e’ ,sin z, cos z,sinh z, cosh z

o Typical functions analytic almost everywhere:

1 1
, Z/2 , tan z, cotz, tanh z, cothz

* A function is said to be analytic everywhere in the finite complex plane if
it is analytic everywhere except possibly at infinity.

Analytic at infinity: Let w=1/z Is the function analytic at w=0?



Combinations of functions:

o Finite linear combinations of analytic functions are analytic:

If /(z),g(z).h(z) are analytic
— af(z)+bg(z)+ch(z) is analytic

o Composite combinations of analytic functions are analytic:
If /(z).g(z) are analytic

= f(g(z))is analytic
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Infinite series:

o Infinite series may be:
- Analytic everywhere
- Analytic somwhere

The “somewhere” might depend on the form used to represent the function.

Example:

1 The first form is analytic everywhere
f(z)= _
exceptz=1.

The second form is analytic for |z] < 1
Z‘ <1 (the series does not converge on or
outside the unit circle).

f(z):1+z+22+z3+...,
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Examples

Composite functions of analytic functions are also analytic.

h(z)= g(f(z)) = sin(zz) analytic

Derivatives of analytic functions are also analytic (proof given later).

f(z) =sinz

f’(z) =Cco0Sz analytic



Important theorem (proven later)

The derivative of an analytic function is also analytic.

f(z) is analytic
¥

f'(z) is analytic
'

/" (z) is analytic

U

Hence, all derivatives of an
analytic function are also
analytic.
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Assume an analytic function: f(z)= u(x,y)+iv(x,)

= Vu (x,y) = Vzv(x,y) =(

The functions u and v are harmonic (i.e., they satisfy Laplace’s equation)

Notation: {u =ulz)=u(xy)

4 This result is extensively used N
in conformal mapping to solve
electrostatics and other problems
involving the 2D Laplace equation
\_ (discussed later). .

Pierre-Simon Laplace 24



Proof

f is analytic = df/ dzis also analytic (see slide 23)

Analytic = @ _ ou n i@ _ov_ iﬁu (Notation: f(z)=u(x,y)+iv(x,y))
dz ox ox oy oy

Denote f'(z) = U+iV

_Ou _0v.

Ou_0ov ov
ox oy’

iV (xy)= =

Wehave: U(x,y)= Re(f'(Z)) Ox oy

Apply the C.R. conditions to f'(z):

2 2
ou _ar 36_212_8_1; — |V2u=0
ox oy Ox oy

=— = =— — [VZy=0
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Example: w= f(z)=2z"

w=u+iv=(x+iy)2 :(xz—y2)+i(2xy)
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Example: w= f(z)=sin(z)

w=u+iv =sin(x+iy)=sinxcosh y+icosxsinh y

u(x,y)=sinxcosh y

—

v(x,y) =cosxsinh y

B o’u Ou

V*u=—+—=—sinxcosh y+sinxcosh y =0
ox~ Oy
o’v 0% : :

Vi = ~+—5=—cosxsinh y+cosxsinh y =0
ox y
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