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This is a method for solving 2D problems involving Laplace’s equation. 

( )2 0x, yφ∇ =

( )x, y Cφ = constant on (Dirichlet boundary condition)

( ) 0
x, y

C
n

φ∂
=

∂
on (Neumann boundary condition)

J. W. Brown and R. V. Churchill, Complex Variables and Applications, 9th Ed., McGraw-Hill, 2013.

or



Conformal Mapping (cont.)
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z plane w plane

( )w f z=

( )x, yφ ( )u,vψ
( ) ( ) ( )( )x, y u x, y ,v x, yφ ψ=

A complicated boundary in the z 
plane is mapped into a simple one in 

the w plane  -- for which we know 
how to solve the Laplace equation.

The function f (z) is assumed to be 
analytic in the region of interest.

Final Result:

KnownDesired

x

y

C

u

v

Γ

(We simply take ψ and map it back to the z plane.)



Conformal Mapping (cont.)
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The key to being successful with the method of conformal mapping is to 
find a mapping that works for your problem 

(i.e., it maps your problem into one the is simple enough for you to solve). 

  J. W. Brown and R. V. Churchill, Complex Variables and 
Applications, 9th Ed., McGraw-Hill, 2013.

 H. Kober, Dictionary of Conformal Representations, Admiralty, 
Mathematical and Statistical Section, Dept. of Physical 
Research, 1945.

 An appendix has many basic conformal mappings.

 A very thorough compilation of conformal mappings.
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Theorem:
If ψ (u,v) satisfies the Laplace equation in the (u,v) plane, then φ (x,y) 
satisfies the Laplace equation in the (x,y) plane.

( )2 0u,vψ∇ =

Proof:
Assume that

2 2

2 2 0
u v
ψ ψ∂ ∂

+ =
∂ ∂

or

We want to prove that
2 2

2 2 0
x y
φ φ∂ ∂
+ =

∂ ∂

( ) ( ) ( )( )x, y u x, y ,v x, yφ ψ=



Conformal Mapping (cont.)
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u v
x u x v x
φ ψ ψ∂ ∂ ∂ ∂ ∂

⇒ = +
∂ ∂ ∂ ∂ ∂

2 2

2 2 2

2 2

2

2

2

2

22

2

2

2

u u v v
u x v xx x x

u u
u xx

v

x v

u

x

v
u v x

x u

u v
x v u

v
vx x

u

v

ψ

ψ

ψ

ψψ

ψ

φ

ψ ψ

ψ

ψ

∂ ∂ 
 ∂ ∂ 

∂ ∂ ∂ ∂   +   ∂

   ∂ ∂ ∂ ∂ ∂ ∂ ∂
= + + +      ∂ ∂ ∂ ∂∂ ∂ ∂   

 ∂ ∂ ∂ = +    ∂ ∂∂

∂ ∂ 
 ∂ ∂

+

 

∂ ∂ ∂ ∂ 

∂ ∂ ∂∂  

 +   ∂ ∂ ∂
+

∂∂   

 
 ∂ ∂ ∂
  ∂ ∂  

 

x
 
 ∂ 

( ) ( ) ( )( )x, y u x, y ,v x, yφ ψ=

Using the product rule and the partial derivative chain rule:

(partial derivative chain rule)

2 2

v v u v
ψ ψ∂ ∂

=
∂ ∂ ∂ ∂

Note :
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u v
y u y v y
φ ψ ψ∂ ∂ ∂ ∂ ∂

⇒ = +
∂ ∂ ∂ ∂ ∂

2 2

2 2 2

2 2

2

2

2

2

22

2

2

2

u u v v
u y v yy y y

u u
u yy

v

y v

u

y

v
u v y

y u

u v
y v u

v
vy y

u

v

ψ

ψ

ψ ψ

ψ

ψ ψ

φ ψ

ψ ψ

∂ ∂ 
 ∂ ∂ 

   ∂ ∂ ∂ ∂
+   ∂

   ∂ ∂ ∂ ∂ ∂ ∂ ∂
= + + +      ∂ ∂ ∂ ∂∂ ∂ ∂   

  ∂ ∂ ∂
= +    ∂ ∂∂

∂ ∂ 
 ∂ ∂ 

 
+

 ∂ ∂ ∂ ∂
+   ∂ ∂ ∂ ∂∂

∂

 

 
 ∂ ∂ ∂

+   ∂ ∂ 



 

∂ ∂∂   

 y
 
 ∂ 

( ) ( ) ( )( )x, y u x, y ,v x, yφ ψ=

Using the chain rule:

2 2

v v u v
ψ ψ∂ ∂

=
∂ ∂ ∂ ∂

Note :
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2

2

2

2

2

2 22

2

2

2 2

2

2 22

2

22

22

2 2

22

2

2

2

v
v x

v

v x
u
xu

v
yv

u v
u xx y

u v
vu

v
xv

u
u

u y y

x

vu y
u
y

u
y

ψψφ φ

ψ

ψ

ψ ψ ψ

ψψ

ψ

∂ ∂ ∂ ∂ ∂  + = + + + +   ∂ ∂



∂ ∂



 ∂


∂  

 ∂ ∂
 ∂



+

∂ ∂∂

∂  


∂ ∂∂
∂ ∂
∂ ∂

∂
∂

∂ ∂

∂ ∂  

  ∂
+ +

∂ ∂

 ∂∂

+  ∂ 







 ∂ ∂
∂   ∂

∂ ∂ ∂
∂∂ ∂∂ ∂ 

∂

Use Cauchy-Riemann equations (red, blue, and black terms):

u v u v
x y y x
∂ ∂ ∂ ∂

= = −
∂ ∂ ∂ ∂

2

22 2

22

2

2

2

e

22 2 22

2

2

can

2

c l

2

2 2

s

2

2

2

2 2 2

x y

u v
u

u

x v

u

v v
v v x

u
xu v v

x

u u
u ux y

x u
v

y

y xv
u

φ φ

ψ ψ

ψ ψ

ψ

ψ ψ ψ

ψ

ψ

∂

∂   ∂ ∂ ∂
+

∂

  ∂∂ ∂  

∂∂



∂

∂ ∂ ∂ ∂
∂ ∂∂ ∂





∂ ∂ ∂
∂∂ ∂ ∂

∂
+ = +



 ∂ ∂ ∂  + +
∂ ∂

∂ ∂ ∂    + + + +     ∂ ∂ ∂ ∂ ∂    

+  ∂∂ ∂  

−
 
∂



∂
 

ψ satisfies Laplace’s equation.

(The new color coding here shows how to combine terms.)
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2 2

2 2

2 2 2

22 2

2

2
u u

ux
v v

y vy x yx
ψφ ψφ    ∂ ∂

+ = + +      ∂ ∂  

∂ ∂ ∂
+

∂∂ ∂ ∂ 

∂ ∂
∂

∂
∂

2 2

2 2 0
x y
φ φ∂ ∂
+ =

∂ ∂

Hence, we have

(proof complete)

Recall that for any analytic function f 

( )
( )

2

2

0

0

u x, y

v x, y

∇ =

∇ =



Conformal Mapping (cont.)
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( )u,v uψ =

Example

( ) 2w f z z= =

( )2w u iv x iy= + = +

( ) ( ) ( )( ) ( )x, y u x, y ,v x, y u x, yφ ψ= =

(This ψ satisfies Laplace’s equation.)

(This is an analytic mapping function.)

The function φ satisfies Laplace’s equation.

2 2

2
u x y
v xy
= −
=

( ) ( ) ( )2 20 0u,v x, y , w f zψ φ∇ = ⇒ ∇ = =assuming is analyticIllustrates :

Verify φ  (x,y) satisfies Laplace's equation.

( ) 2 2x, y x yφ = −Hence:

Given:



Conformal Mapping (cont.)
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( ) 2 2u,v u vψ = −

( ) zw f z e= =

( )cos sinx iy xw u iv e e y i y+= + = = +

(This satisfies Laplace’s equation.)

(This is an analytic mapping function.)

cos
sin

x

x

u e y
v e y
=

=

( ) ( )2 2 2 2 2, cos sin cos 2x x xx y e y e y e yφ = − =

Hence:

Verify φ (x,y) satisfies Laplace's equation.

( ) ( ) ( )( ) ( ) ( )2 2, , , , , ,x y u x y v x y u x y v x yφ ψ= = −

The function φ satisfies Laplace’s equation.

Example

( ) ( ) ( )2 20 0u,v x, y , w f zψ φ∇ = ⇒ ∇ = =assuming is analyticIllustrates :

Given:
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Theorem:
If ψ (u,v) satisfies Dirichlet or Neumann boundary conditions in the (u,v) plane, 
then φ (x,y) satisfies the same boundary conditions in the (x,y) plane.

( )u,v cψ = Γon

Proof:

Assume that

Then we immediately have that

( )x, y c Cφ = on

( ) ( ) ( )( )x, y u x, y ,v x, yφ ψ=
since

u

v

Γ



Conformal Mapping (cont.)
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0
n
ψ

Γ

∂
= Γ

∂
on

Next, assume that

Because of the angle-preserving (conformal) property of analytic functions, we have: 

2 Cˆ/ p nγ π= ⇒ ∝

x

y

z
C

p nΓ≡ mapping of 

γ
p

0
C

C
n
φ∂

=
∂

on

0 p̂
l
φ∂
=

∂
in direction of

u

v

w Γ

n̂Γ

2/π

ˆp nΓ≡ mapping of 



Conformal Mapping (cont.)
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sz

sw C

n
n

ρ
ρ

Γ∂
=
∂

Relation Between Charge Densities in the Two Planes

sz C C C
C

ˆ ˆ ˆD n E n n
n
φρ ε ε φ ε ∂

= ⋅ = ⋅ = − ∇ ⋅ = −
∂

sw ˆ ˆ ˆD n E n n
n
ψρ ε ε ψ εΓ Γ Γ
Γ

∂
= ⋅ = ⋅ = − ∇ ⋅ = −

∂

so

: φ ψ∂ = ∂Note

x

y

z
Cn̂

C
u

v

w
n̂Γ

Γ
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Hence, we have

( )
( )
( )

w f z

dw f z dz

dw f z dz

=

′=

′=

Note :sz

sw C

n
n

ρ
ρ

Γ∂
=
∂

( )sz

sw
f zρ

ρ
′= z C∈

From the last slide:

x

y

z
Cn̂

C
C Cn n∆ → ∂

u

v

w A

n̂Γ

Γ

n nΓ Γ∆ → ∂

( ) Cn f z nΓ ′∂ = ∂
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The capacitance (per unit length) between two conductive objects 
remains unchanged between the z and w planes.

( )z
A

z
AB

QC
V

≡

Proof: ( )w
A

w
AB

QC
V

≡

x

y

z A
B

u

v

w A B

AB A BV ≡ Φ −Φ (same voltage drop in both planes)

Relation Between Capacitance in the Two Planes
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( )

A

z
sz CA

C

Q dlρ= ∫

( )

A

w
swAQ dlρ Γ

Γ

= ∫
( ) ( )

1 1sz C sz C

sw sw

dl dl f z
dl dl f z

ρ ρ
ρ ρΓ Γ

  
′= = =   ′  

( ) ( )z w
A AQ Q=Therefore, z wC C=

( )
( )
( )

w f z

dw f z dz

dw f z dz

=

′=

′=

Note :

( )
1Cdl

dl f zΓ
⇒ =

′

Consider this ratio:

x

y

z A
B

Cdl

AC
u

v

w A B

AΓ

dlΓ
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Conformal Mapping (cont.)

Relation Between Electric Field in the Two Planes

( ) ( ) ( )zE x, y x, yφ= −∇ ( ) ( ) ( )wE u,v u,vψ= −∇

dz = small displacement along flux line dw = corresponding small displacement along flux line

( )dw f z dz′≈

x

y

z A
B

zEdz

z

u

v

w A B

wEdw

w
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Conformal Mapping (cont.)
Relation Between Electric Field in the Two Planes (cont.)

( ) ( )
( ) ( )

( )
z

w

E x, y
f z

E u,v
′=

( ) ( ) ( )zE x, y x, yφ= −∇ ( ) ( ) ( )wE u,v u,vψ= −∇

( ) ( ) ( )z d
E x, y x, y

dz
φ

φ= ∇ = ( ) ( ) ( )w d
E u,v u,v

dw
ψ

ψ= ∇ =

( )z
dz φ∇

electric field in  plane
when is in direction of 

( ) ( )
( ) ( )

z

w

E x, y d dw dw d dw
dz d dz d dzE u,v

φ φ
ψ ψ

= = =
Hence

Note: The electric field vector in the z plane is also 
rotated from that in the w plane by - arg f ′ (z0).

( ) ( ) ( )( )arg arg argdzdz dw dz dw f z
dw

  ′= ⇒ = − 
 

Note: The magnitude of the gradient gives us the rate of change 
of a function when we march in the direction of the gradient.

( )w
dw ψ∇
electric field in  plane

when is in direction of 



Summary of Important Properties
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z wC C=

Dirichlet ⇔ Dirichlet
Neumann ⇔ Neumann

Laplace Eq. ⇔ Laplace Eq. 

( ) ( )
( ) ( )

( )
z

w

E x, y
f z

E u,v
′=

( )sz

sw
f zρ

ρ
′=
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Solve for the potential inside of a coax and 
the capacitance per unit length of a coax.

( ) [ ]0 Vbφ =

( ) [ ]1 Vaφ =

( ) ( )x, yφ φ ρ=

x

y

a

b



Example (cont.)
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( )lnw z=

( ) ( )ln lniw u iv re r iθ θ= + = = +

( )lnu r
v θ
=

=

π θ π− < <Assume :

x

y

a

b
u

v

( )ln a ( )ln b

π−

π+
PECPEC

PMC

PMC



Example (cont.)
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( )2 0u Au Bψ ψ∇ = ⇒ = +

π θ π− < <Assume :

x

y

a

b

( ) ( )( )lnln1
ln ln ln ln ln ln

u bb
u

a b a b a b
ψ

−−  = + =  − − −   

Boundary conditions (solve for A and B)

( ) [ ]0 Vbφ =

( ) [ ]1 Vaφ =

u

v

( )ln a ( )ln b

π−

π+
PECPEC

PMC

PMC

[ ]1 V [ ]0 V

(no v dependence in ψ)



Example (cont.)
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x

y

a

b

( )( )ln
ln ln
u b

a b
ψ

−
=

−
( )lnu r

v θ
=

=

( ) ( )( )ln ln
ln ln
r b
a b

φ
−

=
−

ln

ln

b

b
a

ρφ

 
 
 =
 
 
 

or

so

(In the final answer we use ρ instead of r.)



Example (cont.)
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2 2
ln ln ln

w
wC

bh b a
a

π πε ε ε

 
      = = =   −      

    

π θ π− < <Assume :

x

y

a

b

[ ]2 F/m
ln

zC
b
a

πε
=

 
 
 

so

u

v

( )ln a ( )ln b

π−

π+
PECPEC

PMC

PMC

h

w
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Solve for the potential inside and outside of a
 semi-infinite parallel-plate capacitor.

( )E x, yφ= −∇

x

y

y π=

y π= −

( )x, yφ1φ =

1φ = −





E

Equipotential contours

1x = −

ε

Find the surface charge density on the lower surface of the top plate.
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wz e w= +

u

v

v π=

v π= −

( )u,vψ

1ψ =

1ψ = −









( )u ivx iy e u iv++ = + +

( )
( )

cos

sin

u

u

x e v u

y e v v

= +

= +

ux e u
y v
= − +
=

wz e w= +

v π= ±

Example (cont.)

x

y

y π=

y π= −

( )x, yφ

1φ =

1φ = −





1x = −

v yπ π= ± ⇒ = ±
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ux e u
y v
= − +
=

Example (cont.)

The corresponding colored 
dots show the mapping 

along the top plate.

Note:  x reaches a maximum (x = -1) at u = 0.

x

y

y π=

y π= −





1x = −x = −∞ 1 718x .= −

x = −∞ 1 368x .= −

u

v

v π=

v π= −









0u = u = ∞u = −∞ 1u =1u = −

Top plate

Note: 
A negative value of u 

corresponds to being on 
the bottom surface of the 
top plate (see line styles).



Example (cont.)
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( ) vu,v , vψ π π
π

= − < <

This is an ideal infinite parallel-plate capacitor, whose solution is simple:

u

v

v π=

v π= −

( )u,vψ

1ψ =

1ψ = −









ε

Note: The inside of the parallel-plate capacitor in the w plane gets mapped to the entire z plane. 



Example (cont.)
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( ) ( )1x, y v x, yφ
π

=

( )
( )

cos

sin

u

u

e v u x

e v v y

+ =

+ =
For any given (x,y), these two equations 

have to be solved numerically to find (u,v).where

x

y

y π=

y π= −

( )x, yφ

1φ =

1φ = −





1−

The solution is:



Example (cont.)
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( ) ( ) 2 1
2sw v

Vˆ ˆ ˆD n E n E v E
h

ρ ε ε ε ε ε ε
π π

     = ⋅ = ⋅ = ⋅ − = − = = =     
     

The charge density in the w plane on the lower surface of the top plate is:

The charge density in the z plane is:

( )sz sw f zρ ρ ′=

u

v

v π=

v π= −

( )u,vψ

1ψ =

1ψ = −









ε

+ + + + + ++ + + + + + + + + + + + + + + + + +

swρ



Example (cont.)
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Hence, we have:

( )1
sz f zρ ε

π
  ′=  
 

wz e w= +

1wdz e
dw

= +

( ) 1
1w

dwf z
dz e

′ = =
+

( )
1 1 1 1 1 1

1 11
sz w uu ie ee π

ρ ε ε ε
π π π+
     = = =     + − +     +

ux e u= − +



Example (cont.)
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Hence, we have on the bottom of the top plate:

1 1
1sz ue

ρ ε
π
 =   − + 

ux e u= − +
where

(We must solve for u numerically, given a value of x.)

y

x

y π=

y π= −

( )x, yφ

1φ =

1φ = −





1−
+   +   +   +   +   + ++

- -   -   -   -   -   -   -  - -

szρ

0u < (on bottom of top plate)



Example (cont.)
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Rewriting in terms of x, we have:

1 1
1sz ue

ρ ε
π
 =   − 

ux e u= − +

1 1
1sz x u

ρ ε
π
 =   + − 

( )

2

2

1
2

1 0
2

ux u u

u u

 
= − + + + + 

 

≈ − − →



( )2 1u x≈ ± − +

ux e u= − +

Choose negative sign
 (a negative value of u 

corresponds to the lower 
surface of the top plate).

See slide 28.

( )2 1u x≈ − − +

( )
1 1

1 2 1
sz

x x
ρ ε

π
 =  
  + + − +

( )2 1u x≈ − − +

Near Edge (u ≈0)



Example (cont.)
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Hence, we have:
1 1

2sz s s
ρ ε

π
 ≈   − + 

1 1
2sz s s

ρ ε
π
 ≈   − 

( )1 1s x x= − − = − +

x

y

y π=

y π= −

( )x, yφ

1φ =

1φ = −





1−

s

or

( )
1 1

1 2 1sz x x
ρ ε

π
 ≈  
  + + − +

Recall :

Near Edge



Example (cont.)
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Near the upper edge (on the lower surface) we then have:

1 1 01
2 1 2sz , s

s /s
ρ ε

π
  ≈ →   −   

Note the square-root singularity at the edge!

x

y

y π=

y π= −

( )x, yφ

1φ =

1φ = −





1−

s

+ + + + +++

ε

Near Edge



Example (cont.)
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x

y

y π=

y π= −

( )x, yφ

1φ =

1φ = −





1x = −

Scaling the Answer

x′

y′

2y h /′ =

2y h /′ = −

( )x , y′ ′Φ

0 2V /φ =

0 2V /φ = −





( )2x h / π= −

2z z
h
π ′=  

 

( ) ( )0

2
Vx , y x, yφ ′ ′Φ =  
 

( )x, yφ = previous solution

2

2

x x
h

y y
h

π

π

 ′=  
 
 ′=  
 

z′ plane

z plane

(This does not affect the Laplace equation.)

( ) 0 2 2
2

Vx , y x , y
h h
π πφ       ′ ′ ′ ′Φ =             



Example (cont.)
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Shifting the Answer

x′′

y′′

2y h /′′ =

2y h /′′ = −

( )0 x , y′′ ′′Φ

0 2V /φ =

0 2V /φ = −





0x′′ =

( ) ( )0
2x , y x , y x , y
h
π ′′ ′′ ′ ′ ′′ ′′Φ = Φ = Φ − 

 

( ) 0 2 2
2

Vx , y x , y
h h
π πφ       ′ ′ ′ ′Φ =             

where

2z z
h
π′ ′′= −

2x x
h

y y

π′ ′′= −

′ ′′=



Example
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Solve for the potential surrounding a metal strip,
 and the surface charge density on the strip.

Note: The potential goes to -∞ as ρ → ∞.

x

y
( )x, yφ

1φ =

2x =2x = −

ε
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1z w
w

= +
i iz e eΘ − Θ= +

1R =

2cosz = Θ

2cos
0

x
y
= Θ
=

1z w
w

= +

The outside of the circle gets mapped into the entire z plane.

Example (cont.)

u

v
( )u,vψ

1ψ =

1

iw Re Θ=

x

y
( )x, yφ

1φ =

2x =2x = −

The top of the strip corresponds to 0 < Θ < π. 

Note: The inside of the cylinder also gets mapped to the entire z plane. However, inside the cylinder 
we have ψ ≡ 1, so this gives us a trivial solution with no electric field and no charge on the strip.



41

Outside the circle, we have (from electrostatic theory):

( ) ( )ln 1u,v Rψ = − +

2 2 2R u v= +

Example (cont.)

Note: 
To be more general, we could use

( ) ( )1 2lnu,v A R Aψ = − +

Changing the constant A1 changes 
the total charge on the strip. 
Changing the constant A2 changes 
the voltage on the strip.

u

v
( ) ( )u,v Rψ ψ=

1ψ =

1

ε

1
12 2

l lAˆ ˆE R R A
R R

ρ ρ
ψ

πε πε
   = = −∇ = ⇒ ≡  

  

From electrostatics (with no φ variation):

1 1 2 ( )lA ρ πε= ⇒ = see belowNote :

Gauss’s law Gradient calculation

( ) 12l sRRρ π ρ==

sρ = surface charge density on outside of cylinder

lρ =equivalent line charge density on cylinder
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Hence, we have:

( ) ( )( )1 lnx, y R x, yφ = −

x

y
( ) ( )x, y zφ φ=

1φ =

2x =2x = −

1i ix iy Re e
R

Θ − Θ+ = +

1cos cos

1sin sin

R x
R

R y
R

Θ+ Θ =

Θ− Θ =

1z w
w

= + For any given (x,y), these two equations have 
to be solved numerically to find (R,Θ).

Example (cont.)
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On the upper surface of the strip, we have:

Example (cont.)

Charge density on strip

( )sz sw f zρ ρ ′=

sw RE
R
ψρ ε ε ∂= = −
∂

v

u
1

RE

Note:
Going normal to the strip in the z plane means 

going normal to the circle in the w plane.

x

y
( ) ( )x, y zφ φ=

1φ =

2x =2x = − yE

ˆE R
R
ψψ ∂ = −∇ = −  ∂ 

Note :



Example (cont.)

( ) ( )1 lnR, Rψ Θ = −

1

1 1
RR R

ψ

=

∂
= − = −

∂
Hence, on the circle :

44

sw RE
R
ψρ ε ε ∂= = −
∂

( ) ( )sz sw f z f zρ ρ ε′ ′= =

swρ ε=

We then have

v

u
1

REε

Total charge on cylinder (per meter):

( ) 12 2l sw RRρ ρ π πε== =



Example (cont.)

1z w
w

= +

2
11dz

dw w
= −

( )
1

2
11f z

w

−
 ′ = − 
 

( ) ( ) ( )
1 12

2 2
11 1 1i

if z e R
R e

− −− Θ
Θ

 ′ = − = − = 
 

( )s f zρ ε ′=

Next, use

so

so

or

45



Example (cont.)

( ) ( )
( ) ( )( )

( ) ( )( )
( )( )

12

1

12 2

12

1

1 cos 2 sin 2

1 cos sin 2sin cos

2sin 2sin cos

if z e

i

i

i

−− Θ

−

−

−

′ = −

= − Θ + Θ

= − Θ+ Θ + Θ Θ

= Θ+ Θ Θ

( ) ( )( )
( )

( )
( )

12

12

1
4 2 2

1
2 2 2

2sin 2sin cos

2sin 2sin cos

1 sin sin cos
2
1 sin sin cos
2
1 1
2 sin

f z i

i

−

−

−

−

′ = Θ+ Θ Θ

= Θ+ Θ Θ

= Θ+ Θ Θ

 = Θ Θ+ Θ 
 

=
Θ

On the circle:

so

46



Example (cont.)

( ) 1 1
2 sin

f z′ =
Θ

( )
2

1 2

1
2

/f z
x

′ =
 −  
 

2

1 2

1
2

s
/

x
ρ ε=

 −  
 

Hence, we have

so

This result was first derived by Maxwell!

Note: 
The surface charge density 

goes to infinity as we 
approach the edges.

2

2cos

sin 1
2

x

x

= Θ

 ⇒ Θ = ± − 
 

On the strip:
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Example (cont.)

The strip now has a width of w.

48

Knife-edge singularity

Strip of width w

4x x
w

 ′ =  
 

2

1 2

1
2

s
/

x
ρ ε=

′ −  
 

2

1 2

21
s

/

x
w

ρ ε=
 −  
 

Previous solution
 (relabeled with x′) New solution

w
x

y

( )s xρ

++ + +  +  +  +  + + + ++

1
s s

ρ ∝

Here s is the distance from the edge.

Note: The total charge gets 
changed by a factor of w/4.



Example (cont.)

w
x

y
( )s xρ = surface charge density on top of strip

( )tot
2

2 1

21
s l

/x
w x

w

πρ ρ  =  
   −  

 

Note: 
The normalization of 1/π corresponds to a unity 

total line charge density:

2

2
2

1 2
21

w/

w/

/ dx w /
x

w

π

−

=
 −  
 

∫

The total line charge density is now assumed to be ρl [C/m].

( )
2

tot

2

w/

l s
w/

x dxρ ρ
−

= ∫

49( ) ( ) ( ) ( ) ( )( )tot top bot top2 2s s s s sx x x x xρ ρ ρ ρ ρ= + = =

lρ =equivalent line charge density on strip



Example (cont.)

tot
2

2 1

21
sz

/J I
w x

w

π ≈  
   −  

 

w

h rε

( )szJ x

x

y

Microstrip line

Note: 
The increased current density near the edges 

causes increased conductor loss and 
susceptibility to dielectric breakdown.

50

I

(This ignores the effects of the ground plane and the substrate – accurate for narrow strips.)

( ) ( )tot top2sz szJ x J x≈

tot ( )szJ x

Narrow strip:



Example
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1
z aw
az
−

=
−

( )( )2 2
1 2 1 2

1 2

1 1 1x x x x
a

x x

+ + − −
=

+

( )( )2 2
1 2 1 2

0
2 1

1 1 1x x x x
R

x x

− − − −
=

−

0

2 [F/m]
1ln

wC

R

πε
=

 
 
 

u

1

0R

v

ε

Find the capacitance between two wires (tubes).

(from Churchill book)

J. W. Brown and R. V. Churchill, Complex Variables and Applications, 9th Ed., McGraw-Hill, 2013.

For the coax we have:

( )
( )

1

2 2 1

1 2

1
2

2

R
R x x /

x x x /

=

= −

∆ = +

Radii and offset:
Note: 

The left cylinder gets 
mapped into the outer 

coax cylinder.)

x

y

1x 2x

1
ε

x∆

2R



Example (cont.)

52

( )( )
2 1

2 2
1 2 1 2

2 [F/m]

ln
1 1 1

zC
x x

x x x x

πε
=

 
− 

 
− − − − 

 

We therefore have (Cz = Cw):

1 2

2 2

x x R
x x R
= ∆ −
= ∆ +

where

x

y

1x 2x

1
ε

x∆

2R



Example (cont.)
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Symmetrical “twin lead” Transmission Line

Scale this geometry by 1/a.

x

a

h

ε
a

(This does not change the capacitance.)



Example (cont.)
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Symmetrical “twin lead” Transmission Line

1 2

1

2

2 1 2

1
/

/ 1
/ 1

2 2

R R
x h a

x h a
x h a
x x R

= =
∆ =
= −
= +
− = =

x

1 1

h / a

ε

x

a

h

ε
a

Scale by 1/a 
and shift



Example (cont.)
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Symmetrical “twin lead” transmission line

2 2 2

2 [F/m]

2ln

1 1 1 1 1 1

C

h h h
a a a

πε
=

 
 
 
 
          − − − − − + −                         

x

a

h

ε
a



Example (cont.)
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Define: 2
2
h hx x
a a

 ≡ = 
 

( ) ( )( ) ( )( )2 22

2 [F/m]

2ln
4 1 1 2 1 1 2 1 1

C

x x x

πε
=

 
 
 

− − − − − + − 
 

( ) ( )2 2 2

2 [F/m]
2ln

4 2 4 4 4 4

C

x x x x x

πε
=

 
 
 − − − + 
 



Example (cont.)
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( ) ( )2 2 2

2 [F/m]
2ln

4 2 4 4 4 4

C

x x x x x

πε
=

 
 
 − − − + 
 

2 4 2

2 [F/m]
2ln

4 2 16 16

C

x x x

πε
=

 
  − − − 

2 4 2

2 [F/m]
1ln

2 1 2

C

x x x

πε
=

 
  − − − 



Example (cont.)
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2 4 2

2 [F/m]
1ln

2 1 2

C

x x x

πε
=

 
  − − − 

2 2

2 [F/m]
1ln

2 1 2 1

C

x x x

πε
=

 
  − − − 

( )2 2

2 [F/m]
ln 2 1 2 1

C
x x x

πε
=

− + −

2 2
[F/m]

ln 2 1 2 1
C

x x x

πε
=

 − + − 
 

2 2
2 2

1 2 1 2 1
2 1 2 1

x x x
x x x

= − + −
− − −

Note :



Example (cont.)

59

2 2
[F/m]

ln 2 1 2 1
C

x x x

πε
=

 − + − 
 

( )2
[F/m]

ln 1
C

x x

πε
=

+ −

( )1 [F/m]
cosh

C
x

πε
−=

( ) ( )1 2cosh ln 1x x x− = + −Note :

( )22 2 22 1 2 1 1x x x x x− + − = + −Note :



Example (cont.)
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Final  Result

[ ]
1

F/m
cosh

2

C
h
a

πε
−

=
 
 
 

x

a

h

ε
a



Example (cont.)
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Final  Result

[ ]10
0

1 cosh
2r

hZ
a

η
π ε

−  = Ω 
 

x

a

h

ε
a

( )0 0
0 0r

L LCZ
C C C C

µ εµε
ε µ µ= = = = =Note :

0
0

0

µη
ε

=

[ ]0 376.7303η Ω



Example
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Conductor attenuation on stripline



Example (cont.)
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( )
( ) ( )

1 22

1 22 2 2 2 2

1

1 1 sn

/

/

pdz
dp k p k p a

−
=

− −

2
1 0s p C C= − +

ln qs P
R

  =     

sn = Jacobi elliptic function
P = Weierstrass elliptic function

Conformal mapping of Bates:

R. H. T. Bates, “The characteristic impedance of the 
shielded slab line,” IRE Trans. Microwave Theory 
and Techniques, vol. MTT-4, pp. 28-33, Jan. 1956.



Example (cont.)
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rεw
b

t
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