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Our goal is to come up with a transmission line model for a waveguide mode.

]/ A Important point:

The waveguide mode is not a TEM mode, but it can
. X be modeled as a wave on a transmission line.
a
1
C —> O
+ v .
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“Transverse Equivalent Network™ (TEN) model of TE,, waveguide mode



For a waveguide mode, voltage and current are not uniquely defined.

TE,, Mode
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The voltage depends on x!  V,=E b=V (a/2,0)




Examine the transverse (x, y) fields of a wave% Modal amplitudes

E(x,y,z)= gt(x,y)(A+e_ijZ + A_e”kzz)

. + —jk,z — +jk,z
[;[t(x,y,z)—ﬁt(x,y)(/l € _A € ) Note:
The shape function ¢, (x,y) has an arbitrary
amplitude normalization

1
) (usually chosen to be as simple as possible).

ﬁf(xa)’)ZZ—(ixé

w
Example: TE,, mode, choose e, :j;sin(zxj
- a

Note: The minus sign above arises from:
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[_{;_r:iz (ZXE;_L) L,= Ly of Ly
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T Lyg=—— Lpy=——
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Wave impedance



Introduce a defined voltage into the field equations:

& +
V, =C A (The units of C, are meters.)

We may use whatever definition of voltage we wish here. (In other words, C, is arbitrary.)

Examples (two common choices):

» Pick C, so that voltage V), is the actual voltage drop along the center of the waveguide.

» Pick C, so that the power flowing on the TEN is the actual power flowing in the waveguide®

*This is done later.



We then have:
E(x,y,z)= gt(x,y)(A+e_ijZ + A_e”kzz)

H,(x,y,2)=h,(x,y)(A e — 4 ™)

@ VOiEclAi

1 + —Jk,z — +jk.z
Et(xayaz) :?Q(X,y)(r/o € ks _I_I/O € 7t )
1
H . 1 h (V+ —ijZ_V— +jkzz)
_t(xayaz)—a_;(XJ’) 0 e Oe



Next, introduce a characteristic impedance (having an arbitrary value) into the equation for H.:

Z | V-
H X, yV,zZ)= 0 h X, _0 e_szZ __ 0 e+JkZZ
H,(x,y,z) C h,( y)[ZO Z j

U

I—{z(xvyvz) — %ht(xﬁy)[g) e_jkzz —%€+jkzzj
2 0 0

where
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Summary of Fields

V(z)
1 ” — —
Ez (x,y,z) — EQ(X’ y)(VO+e—JkZz i Vo—e+]kzz)
1
1(2) C2 =

1 | . V- \
H (x,y,z2)=—h (x, )| e /" ——0 "=
H,(x,y,z) Cz_t( y)[ZO Z J

N|o

The z dependence of the transverse fields behaves like voltage and current on a transmission line.

k, = k_ of waveguide mode



The transmission-line model is called the Transverse Equivalent Network (TEN)
model of the waveguide.

I(z) TEN
( —> @)
i V(Z) Zy, k, > Z
( 0]
Et =V same £,
H <1

Waveguide )




Power flow down the waveguide (complex power):

PWG(z)zéj(lj xH,)-2dS

:%V(z)l*(Z){ CIIC; | (g(x,y)Xht(x,y))-édS}

S

PY¢ (z)=P™ (z){ Clc* | (g(x,y)x@;%x,y))zds}

Complex power flowing down the TEN transmission line.

E (x,y,z)=

H, (x,y,z)=

S
C
1

—

2

e, (x, )V (z)

Fﬁt (x,y)](z)
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Assume we choose to have:

PWG (Z) — PTEN (Z)

Then we have the following constraint:

C,C, = j(gt(x,y) XEf(x,y))-édS
S

It is not necessary to make this assumption of equal powers, but it is a useful choice that can be made.
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Summary of Constants (assuming equal powers):

C,C, = I(Q(x,y) X E(x,;v)) -z dS
S

Once we pick Z,, the constants are then determined.

The most common choice: £, = Z

12



Summary

V(Z)
1 g ~
X, V,Z)=—— X V+ _JkZ_I_V e+]kz
E (x.y.2) = e (¥ )
1(2)
1 | A V-
H X, V. Zz :—h X, 0 e_]kzz__Oe+]kZZ
H,(x,.2) = g y)(zo . J
C
?1220 Z,=Z, (mostcommon choice)
2

- j(Q(X,y)x@:(x, )/))édS (for equal power)
S

1 .
ﬁt(an/):Z_(ZXQ) Zw: Lig or Ly Log

w

WU
haddi AR
k ™

k

z

()

C
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We make the following choices:

» Choose Z,=Z

= Assume power equality

TE

a_,
CZ

C,C; = [(e(x,»)x
S
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Calculate this term:

C,C; = [(e(x.y)x k] (x,y))- £dS
S

v
)

We have:
. 1
C1C2 :_[ *
S TE
_ 1 f
Z:lk“E 0
Z

Z
A 7T
e, = ysin (—xj
- a
sin?| 22 |ds =i sin (ij
a Zix a
b Zo — ZTE = w—fol
S TX k;
Ism — |dydx -
0 a Ko — [r2 _(1)
- a
ab
2
Note:

The transverse shape function ¢, has been chosen (arbitrarily) to have a unit
amplitude at the center of the waveguide, to keep it as simple as possible.
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We then have:

CC, = Zl* (azbj
TE

Take the conjugate of the second one and then multiply the two
equations together.

> ab
= |C1| - Solution:
2
ab
. Cl=.—=
Note: 1 )
The solution is unique to within a phase term
(we choose the phase to be zero here).
1 ab
C, =
Z..\ 2

16



Recall:

V(z)
1 / — —
Et(x,y,z) — FQ(X,J/)(VJQ_J]{ZZ +Vo_e+JkZZ)
1
I(z)

N )

1 | A |
H (x,v,z)=—nh,(x, Lo ik _ L0 prikz
e ( y)[ Z, Z,

Hence, we have: @

V(z)

ab
“=\7Z
1 ab
P Z N2

Et(xayaz) — \’i [)/}Sln(zxj j(I/()+€jkzZ + I/()_€+jkzz)
ab \ — a

r

fit(x,y,z)=%m/i _zL sm(ﬁxj Vo e Vo
ab ;TE d ZTE



Summary for TE,, mode

e, —X
a
h,=—x ! sin(zxj
5 Vo) TE a
A : T f — jk _ ijkz @
E(x,y,z)=yp /—b s1n(—xj (Vo+e Vet ZZ) oy =2y = kfol
—Na a
2
T
]Sf) klO — kZ_(;j
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For a 1 [V/m] (field at the center of the guide) incident TE,, mode in guide A, find the TE,; mode fields
in both guides, and the reflected and transmitted powers.

: (7 .
E;“C =sin (—x)e Fhza?

a B Y
2 [
z M= Hy, = Hy
A /
X «—— L
z=0
b €0
p 2
a k_, :\/ko2 —(—j =158.0 [rad/m]
a=2.2856 cm a
b=1.016 cm
2
£ =254 k., :\/grkj —(ﬁj =304.1 [rad/m]
f =10 GHz a



TEN

© o O 5 e = ysm(zxj
- a
ZTE k 7 TE k C1 — av | .
0a °™Mza 0b °>"™zb 2 h, :—x—sin(—xj
TE a
° ¢ © 1 ab _ _ou
V) = = Ty C=——45 Ry
N TE
FI/O AL kz_(zjz
: a
Convention: Note:
C, is the same for both guides, but C, is different.
= Choose Z,=Z
= Assume power equality
1 + —jk.
E™(x,y,2)=¢,(x,y)(A e )
_ga _OH _ A" =1 (since e, (x, y)already has 1 [V/m] at the center
Z, =2 499.7 | Q2 =2 Y

za

Z,, =75 =2 =259.6 [Q]

kzb :> V;)+ — C1A+ — Cl — ab

2



V. (z) =V (e—jkzaz n re+jkzaz)
V,(z)=V, Te ™"

I, ( z) _ ZVi ( o /ka? _ T ot IRz )

Oa

L(z)= e

0b

0b

(o @ o]
Z(;rf)kza Z(;r;’kzb

O @ 0]
Vo - TV
N

F:ZOb_ZO“=—0.316 T'=1+1'=0.684
ZOb + ZOa
Note:

The above TEN enforces the continuity of voltage and current
at the junction, and hence the tangential electric and magnetic
fields are automatically continuous in the WG problem.
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Hence, we have:

TEN

ab — ik =z +jk_,z
V(z)=, /— MHea? 1 (—-0.316)e" =
a (Z) 2 (e +( )e ) ng)kza Z(;r;’kzb
b .
V,(z)= a—(0.684)e_’kzbz ° ° ’
b \/ vy = TV,
I,(z)= (e_’k “ —(-0.316) e ) I

1 (2)= \/7(0654)

k., =158.0 [rad/m]|
k., =304.1 [rad / m]

Z,, =499.7 [Q]
Recall that for the TE,, mode: Zy =2596 [©]

E (x,y,2) =Ciz(x,y)V(Z)

1

P_It(xayaz) :%ﬁt(X,Y)I(Z)

2

ZO_ZTE_%
KO — kz_(zjz
a
ab
C ==
2
__ L Jab
>z N2

22



Hence, for the waveguide problem we have the fields as:

Air region

e =L ge [ (5 (0316)0)
1

b 1 . .
H (x,y,z)= X, e M* —(—0.316)e" =" ‘
H,, (%, 7,2) = C2 )\ G5 (-0316)e™) ;
gr
4
Dielectric region A /

x — S i L

Etb(x,y,z)=Cig(x,y)w/%(o.684)e—f’%z o| 7 % 2=0
1

1 .
x,v,z2)=—h (x, 0.684)e /==
H,(x,y,z) =k h,(x,y) - —( )

2 0b
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Substituting in for C, and ¢,, we have (guide A): Air region

E, (x,y,2) = Cig(x,y),/%b (e +(-0.316)e""7)
1

Em (xg y, Z) == ilb |:2 Sin (% XJ :| C;—b (e_.szaz + (_0.3 1 6) e"‘jkzaz )

2
e, = ysin (zx)
ab - a
S 1 . (=
h, =—x sin (— xj
1 J|ab e “
CZ = - a)lu

24



Substituting in for C, and 4,, we have (guide A): Air region

ab 1
X, V,z)=— X,
H, (x,y,z) C2 h,(x,y) > 7

@ ZOa :Z;FE

B 1 ~ 1 . (x ab 1 k= k=
H,(x,y,2)=——— {—EZTEsm[—xJ} TZJE(Q —(—-0.316) ")

4 a

(e —(-0.316) ™)

Z"N 2

a
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Substituting in for C, and ¢,, we have (guide B): Dielectric region

E,(x..2) = —e,(x,3), /% (0.684) e /=
C, 9)

26



Substituting in for C, and 4,, we have (guide B): Dielectric region

1 ab 1
H x, D) :_hl x, -
_tb( y Z) C = ( y) 2 Z

2 0b

@ ZOb :ZbTE

1 1 7T ab 1 ,
H,(x,y,z)= —X sin| —x | |,[— 0.684)e /=

(0.684) e 7"

Z\ 2
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Summary of Fields

Eta (x, y,Z) = |:)A/ sin [ij :|(ejkzaz + (_03 16) e+jkzaz)
o a

- (7 o
Er :(_j
a

~ 1 . (x s o
[_{ta(xayoz):|:_£ ZTE Sln(;xj:|(e Jk_, _(_0316)6 Jk_, )

a

Z® =499.7 [Q]
Z,® =259.6 [Q]

~ . (7T ks
E,(x,y,2)= [Z sin (ZXJ } (0.684)e k,, =158.0 [rad/m]
k., =304.1 [rad /m]

(%, ,2) = {—i ZITE sin (zxﬂ(%m)eﬂ‘zbz

b a
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Power Calculations: Note: In this example, Z,and I are real.

Recall: V, =CA" =C/ (1)=C, = ‘/%b
2 1 B l
Z, ) 2
2
/ab
2
1

rans + 4% 1
P :Re(EVO I j(1_|r|z):5

1

- : 1
P™ =Re (— Vily j =Re| = |7/ ab
2 2

2

1
ZTE

a

e vl Yot 2] o

ZTE

a

2
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Final Results:

P™ =1.161 [mW]|
P =0.116 [mW]
P =1.045 [mW]

a=2.2856 cm
b=1.016 cm
g =2.54

f =10 GHz

. . T i
E;“C =sin (—x)e Hza?
a

Note: 90.1% of the incident power is transmitted.
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Quarter-Wave Transformer in Waveguide

A quarter-wave transformer is shown here.

Zor = ZosZos Goal:
Determine: d, ¢,
d=A1,/4
Top view
TE,,
a —y
ZOa
v z

Now 100% of the incident power is transmitted.
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Quarter-Wave Transformer in Waveguide (cont.)

Waveguide problem:

X
Top view T
TE,,
a —y
ZOa
v z
TEN:
eoe ZOa ZOT9kZT Z()b oo

32



Design recipe: Top view T

TE,,
1) Determine Z,,: Z,; =\/Z,,Z,, a —>
ZOa
2) Determine k_.: Z,, = oy, / k; ' z
7 2
3) Determine k,: k_, = \/kﬁ —(—j
a
4) Determine ¢,..: k; =k /€.,
5) Determine f.: B, =k_;
6) Determine A .: A =27/ © ©
) gT gT ﬁT oo Zoa ZOT ’ kZT ZOb cee

7) Determine d: d =4, /4

33



Quarter-Wave Transformer in Waveguide (cont.)

Example: 4=22856 cm Results:
b=1.016 cm &1 =153
f =10 GHz
Top view T
| TE,

a =)
/

Oa

34



Rectangular Waveguide Note:

(end view) Planar discontinuities are modeled as purely shunt elements.
@ @
- ?
Inductive iris ° °
: ——
@ @

Capacitive iris

- S

Resonant iris

The equivalent circuit gives us the correct reflection and transmission of the TE,; mode.



Matching Elements in Waveguide (cont.)

Inductive iris in air-filled waveguide

X
Top view

Note: Higher-order mode region

The shunt inductor models the effects of the iris and
gives the amplitudes of the TE,, mode correctly
everywhere, but the TEN model does not tell us how
strong the higher-order modes are.

TEN Model

Z, :Z"}"(I)E =

O, 7y

T

T=1+T1

Because the element is a shunt discontinuity, we have:

36



Much more information can be found in the following reference:

N. Marcuvitz, Waveguide Handbook, Peter Perigrinus, Ltd. (on behalf of the Institute of Electrical Engineers), 1986.

» Equivalent circuits for many types of discontinuities

» Accurate CAD formulas for many of the discontinuities
» Graphical results for many of the cases

= Sometimes, measured results

37



A “single-stub™ matching scheme is shown here.

(The procedure is illustrated for a horn antenna load).

Top view X
Waveguide T/
a TE,, = Iris Horn
—
Z, -2 N

An inductive iris is shown being used for matching.

38



The TEN is shown

Physical Problem /

TE,, =5 Iris  Waveguide
z,-22 IS
d
0 0
Z, =2, X, Z, . Z,

TEN Model

Horn

39



A field probing can be used to determine the unknown load impedance Z,

e

Probe

Horn

N

1+\FL\
SWR =
1-|T,|
‘ ‘_ SWR'I Ey(z)
fOSWR +1 E™(z)
d,,

40



A field probing can be used to determine the unknown load impedance Z, .

ZO ZL
(0]
1+]T,| TEN Model
SWR =
_‘ L‘
L SWR +1 V(Z)
‘Vinc (Z)‘

i z
d,,

41



A Smith chart can then be used to find the unknown load impedance of the antenna in the TEN.

42



A Smith chart can also be used to find the location of the shunt susceptance and its value.

“single-stub matching”

d
0 ‘ '?
We’'ll assume that we are using
Z,=1/%, X, Z, . Z, an inductive iris in this problem
as the matching element.
0 O
S — jXS
S — jBS
1 B
Note: B =——  pN=5



—

Il
Z =

G.l
7 SN
aa s N
esillny Q

<)

NV:.Ln fv. XN ! - / <45
B
F AR

[ plane
["=-T

)
a.\\

er

inductive iris.
Choose:

Note:
We must use this u

point for an
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A quarter-wave transformer matching scheme is shown here.

Here is the distance d is arbitrary.

Z,, (real) o

Top view => Waveguide T/

Iris

a Z,=Zw  Z

0T

G

Quarter-wave transformer Safety buffers

Horn

Note:

The arbitrary distance d gives us a
“safety buffer” from the horn
discontinuity, to allow the higher-
order modes to decay. The extra
1,2 is also a safety buffer.

Note:
Input impedance repeats after one-
half of a guided wavelength.

ZOT = Z”}(])EZin

The iris is used to cancel the input
susceptance at z = -d.




Going a distance d (arbitrary) from the horn:

Note:
The arbitrary distance d must be 4
chosen so that we end up in the é
capacitive region of the Smith chart. ya

o 1 1

n - G, Re(YN)

“—exif ;' .
. Capacitive
.4 '_HL . - L
in - ] . ) o e B

N ~I0
Zin_ZinZTE

Choose:

BsN :_Bilj
(Bf < O)



A quarter-wave transformer matching scheme is shown here without needing an iris.

Here we choose distance d so that Z_ is real.

Z,, (real) o
Top view =» Waveguide T/
a Zw:Z;“(I)E ZOT !
A

Quarter-wave transformer

v

S

Horn

47



Choosing distance d so we don’t need an iris:

10
TE

Z

_ N
_Zin

Zin

Now we don’t need an iris!

48
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