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This is a general method that can be used to help us calculate various important quantities:

= \WWavenumbers for complicated waveguiding structures (dielectric-loaded waveguides, surface waves, etc.)

» Resonance frequencies of resonant cavities (resonators)

The transverse resonance method involves establishing a
reference plane and enforcing the KVL and KCL.

This leads to a “Transverse Resonance Equation (TRE).”



To illustrate the method, consider a lossless resonator formed by a lossless transmission line
with reactive loads at the ends.

L
i : Note:
Ly =JXu ZO’IB 2, =X Having lossless (reactive) loads will
give us real resonance frequencies.
— X x=L

Transmission line resonator

We wish to find the resonance frequencies of this transmission-line resonator.

(Here we develop the method. We will do the actual algebra for this structure a little later as an example.)

A resonator can have nonzero fields at a resonance frequency, when there is no source.

Note: The transmission line in the model might be a TEN model for a waveguide type of problem.



We start by selecting an (arbitrary) reference plane R.
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R = reference plane at arbitrary x = x,

Note:
Although the location of the reference plane is arbitrary, a good choice will often simplify the derivation of the
TRE and the complexity of the final TRE.




Examine the voltages and currents at the reference plane:
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Define impedances: Boundary conditions: Hence:
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Summary

TRE:

or



Example:

Derive the resonance frequency of a parallel RLC resonator.

T

Note:
A complex resonance frequency corresponds to
the fields being damped (decaying) with time.

PN N,
W, = W, + W,

l w, =2rf,

@ = w, (complex resonance frequency)

At the resonance frequency, voltages and currents exist with no sources.




In the time domain we have: T

. 7
v(t)= Re(VOe]”‘)t) i
_ Re(|VO e ejware—wa'r) R<S L —
=V, |e” cos(wjt + ¢) B

l

W, = Wy + jay
v(t)=|V,|e™ cos(ajt +¢)
In the phasor domain:

V():|V0|ej¢

Note: The phasor domain concept applies to complex frequencies as well as real frequencies.



v(t)= |V0|e_”""t cos(ayt +¢)

v(?)
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Apply the Transverse Resonance Equation (TRE):

% Areference plane is first chosen (arbitrary).

|
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The TRE is obtained.
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Simplify the TRE:

—jw, LG =1-a,LC

J

@, (LC)+ @, (—jLG)-1=0

@ Solve the quadratic equation.

 JLG £N-I*G* +4LC
2LC

@
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JLGNALC - ’G?
2LC

, =

! | Factor out 4LC from the square root.

( j LG’
o, = 1= =
2C )" LC

1
For the lossless limit, G — 0: Q)O —> + \/E (must be a positive real number)

Hence, the plus sign is the correct choice.
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Hence, we have:

1 LG* (G
Wy = —F7— ] ——+ J| — Complex resonance frequency

We can write this as @, = &, + j@|'

where

] \/I_LGZ w,,:(gj
° = JLC 4C ©olac



Ratio of imaginary and real parts of complex frequency (low-loss resonator):

] l_LGz~ 1 (G
*JLC 4C  JLC Y6

SO

or

— = 2Q where = 7 Quality factor of RLC resonator
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The quality factor (Q) for a general resonator is defined as:

ave
£

=0,

0 pave
E

U=U_, +U, = energystored

— average power dissipated (averaged over one period T')

Note:
@, is often denoted simply as «, in this equation.
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For the RLC resonator we have:
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z—T‘VO‘ g I cos’ (wyt +¢)dt
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Lo (1)
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=
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v(t)=|V,|e ™ cos(wt +¢)

_ %‘I/O‘Z e—2a)(')’t0 Hence })dave — %G|I/O|2 e_za)(')'to
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Similarly:
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2 —ay! '
oty oo (1)~ fe cos(als +9)
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—> i(t)= v e cos(wjt+¢—m/2)=—Lle ¥ sin(wjt+9)
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We have: - ,/LC pdaVe T

ave 1 2 2t
=y 0l e N0

U =Ll e
2

Hence, we have: l

1 E:R\/E:R 1 l: R v(t):‘lf()‘e_“’&cos(a)gt+¢)
G

Note: This can also be written as Q = @y RC

20



These formulas hold for any resonator:

1 o,
¢ ‘2(@3']

PN N7,
Wy = W, t+ J,

21



Example:

Derive a transcendental equation for the resonance frequency of this
lossless transmission-line resonator.

Z,, = JjX,, Zy, P L= JX 1

ﬂ=k=%Jg

We choose a reference plane at x =0".

The resonance frequencies will be real if the loads are lossless.

Note: The load reactances may be functions of frequency.

22



L

Lossless line

R
Z,, = JjX,, Zy, P 2, =JX,
_i_> * ﬂ:kO\/;r
«— —>
Apply TRE: Zin:_Zin
Z.+ j/Z tan( OL
= Z,=-|Z, = .]O (IB )
Zy+jZ,,tan(SL)

Lossless: k= pf

23



7 - {ZO (Zm + jZ, tan ,BL)H

Zy+jZ,,tan(SL)

J

Zy+ j(jX,,)tan(BL)

x :{Z( X, + 72, tan (L) H

z{

S

JjX,, +JjZ, tan(kOL\/g)

Zy+ (X, tan (kL e, )
U

]

TEM: B=k =k, ¢,

Note:

ky=2xf,” \ Hpéy

X ( 2o+ 7 (X ) an (ko Lz, ) = =2, (/X 13 + 2, tan (K, Lz, )

24



After solving for the tangent term, we have:

tan(kL\/7) X)?JFXZ?)

Special cases:

X, =X,,=0 = kOL\/;r:mz, n=12,...

X, =X,,=0 = kOL\/;r:mz, n=12,...

X,=0,X,, 50 = kLJs=(2n-1)7/2,

n=12,...

25



For the resonance frequencies, we have

fI'CS
ky =271\ &, =27
c

¢ =2.99792458 x10° [m/s]

1.° =resonance frequnecy of nth mode

We then have

£ _ Z, (XLZ +XL1)
¢ \/g i XLlXLz_Zg

T

tan| 2L

The RHS may also be a function of frequency.
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Example: z

Derive a transcendental equation for the resonance
frequencies of a lossless rectangular resonator.

PEC boundary

Orient the structure sothat b < a <Ah. z/
h gr ’iﬂr
’ : ————————————— > y
a
/ b

X

The structure is thought of as supporting rectangular waveguide modes bouncing back and forth in the z direction.

We have TM,,,, and TE,,, , modes. The index p describes the variation in the z direction.




We use a Transverse Equivalent Network (TEN) to model any one
of the waveguide modes:

We choose a reference plane at z=0*:

: h

' R Z,, k.

iz

! k. =k"
Zo — Z%Q\/{

(Choose Z, to be the wave impedance.)

h 81”:#}"
N b
X
TRE:
<«— -
Zin = Zin

-«

Z. =0 (PEC bottom)

Hence Z_ =0

28



Hence, we have:

Z_; = jZ,tan(Sh) =0
U
jztmn tan(kz(m’")h) =0

TE,TM
b
tan(k(m’")h) =0

z

U

kgm’")h =pr, p=0,12...

U

V4

Note: p = 0 for TE modes (H, must be zero on the top and bottom walls).

) :%”, p=0,1,2...

!
h 8r’§/ur
----- [EESSS N 4
; i b
. h
' R Z,, k.
T
: TEN




) =%, p=0,1,2...

Also, we have

Hence, we have:

A

v

OGRS

_I_>Z



Solving for the wavenumber k& we have:

2 2 2 ;
a b h h gr ’ilur

Hence, we have: x
mrY (nz\ (prY Not
ote.
27 frp oo N 142, = (7) J{?j J{Tj The TM, and TE, modes have the
same resonance frequency.

or

2 2 2
fo= c | (%J J{EJ J{ﬂj ¢ =2.99792458x10° [m/s]

np
27 e,
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Summary

C 1 mi ’ nw ’ T ? ¢
s BT
27 U.E, a b h

TE,,, mode: T™,,,, mode: ' 8ﬂ ________
m=0,1,2,... m=12,... ye .
n=0,12,... n=12,... Iz .
p=12,... p=0,12,... :

(m n) * (0,0)

Note: p cannot be zero for a TE, mode, since H, must vanish at the top and bottom walls.

The lowest mode is the TE,;; mode.

(b<a<h)

32



TE,,; mode: T
2 2 E
c 1 1 1 |
Jion == (_J +(_) h E, il
2 Jme N\a) \h S
—
/ b
H. (x,y,z) = H, cos (ﬂj sin (%) X
a

Note: The sin choice ensures the boundary condition on the PEC top and bottom plates:

H-h=+H =0

The other field components, £, and /,, can be found from ..

33



Here we examine the QO of the resonator:

0=~
- 70 Pave
diss
Pd?:: =P, +P  (dielectric and conductor loss) h
ave ’
:> lzleiisszlf)d_i_l})c /,
4 4 !
QO o, U oyU aoU e
X
1 1 1
I:> = + We now allow for dielectric and
Q Qd Qc conductor loss in the resonator.
U U Q, = dielectric O
Qd =0, — , QC =0, — Q. = conductor Q
P, P



Q0 of TE,,, mode

U =Up;+Uy =2U, 6= - jel'= e, (1- jtand,)

& _
UE:igc',jlj\de:igc’,jEj‘dV (s_g_tand’j
V 14
=) [lEf v = (os) [IEav (o=ai)
1
p-Lrflrlas o

> For conductivity loss

o =we, tan o = we!

/-

H_(x,y,z)=H, cos(ﬂjsin[%J > =<

a

\

E, (x,y,z)=E0 sin(

Hx(x,y,z)z—j

X

E

0

Z(LO)

TE

X

o
(”

/

)
h
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Rectangular Resonator (cont.)

Results (from Pozar book): 0 of TE,,, mode

U :%8;(abh)\E0\2

1 1) I}
B =) (@hE]  (0-a))

P=R,

A (ab bh a h
g |

+—t—+
8n*\ W’ a 2h 2a

This gives: IV b

= : (This holds for any mode.)
tan5d k:kO 8}”#}/ n=rn,

0,

\'0‘) |\t

kah) b o
0. = ; ( 612 )2 n — 2bh31 5 (This is for the TE,y; mode.) ky = @y &,
a ab+ +a’h+a v

S

c 1 1 (1Y ,
101 _5 o \/(Zj +(Z] 2 =27Z'f101
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Practical excitation by a coaxial probe:

_ h
w=2r
/ Ry
o R,
( =
/: """"""" — S %
. tano, a
Circuit model: N b
LP
o YY" Note:

(probe inductance)

RL%‘

Tank (RLC) circuit

The value of the circuit elements will depend on where
the resonator is fed, and also the size of the feed probe.
The values of Q and @, do not depend on the feed.

Z

mn

VA

probe

+/

RLC

37



RLC = , (from circuit theory — see next slide)
A o @
w, o
w=2rf
where
g i
W) = —— =——=w,RC
e g™
R L __C
Approximate form (see slide 40):
" l
Lric ®

1+j2Q[w,—1j
Wy
38



Derivation of Z,, - formula:

1
Yoo =G+ joC— j—
wL
Note: [ R \oL{ C 1 1
Red color highlights where equivalent =G| 1+ 7R a)E——E
substitutions have been made. Blue color W @
highlights where terms combine to unity.

_glie [ R (a)OLa)g_a)oL 1 n

L R G R wlG
=G| 1+ 0 ol C oL 1
R G oRLG
ol C o
=G| 1+ —o———
e R G a)n
- 12 '
R L __C =G 1+]Q La)oa),g_a)o
R o0,G o
l -G|1+ /0 ﬁ,—&n
w,



Derivation of approximate form:

40



A larger Q of the resonator (less loss), means a more sharply peaked

response, and a larger R value:

R =Qw,L

Lossless resonator:
R — w
Q —>

41



High O resonator

/"\Low O resonator !
| \ f

Note:
A larger QO of the resonator (less loss), means a more sharply peaked response, and a larger R value.

42



Microstrip Patch Antenna

A microstrip patch antenna acts as a lossy cavity resonator
(The “loss” is due to radiation, as well as actual dielectric and conductor loss.)

I, current feed at (x,, y,)

43



CAD Circuit model of patch antenna (ECE 6345):

Patch cavity

Probe =

® 1115 —O

Probe (feed) inductance Lp | ‘ L
Zin "- R I C
@ O
(1,0 mode resonator)
Z = joL + R
1+ ;0 S _h
fo f Resonance frequency:

1
W, = —
" JLC
R
= =w,RC
< @, L ’
kL e =n

44



Patch cavity

Probe @
[ T O
Probe (feed) inductance Lp L
Zin > R g % __ C
® O
(1,0 mode resonator)
Patch Feed
g =22 x,=1.85 cm
tan o = 0.001 Vo=W1/2
h=1.524 mm a =0.635mm
L=6.255cm
W/L = 1.5

0=3.0x10" S/m

Z in (Q)

Zin (Q)

50

CAD Circuit model of patch

20 ; ; ; ; ; i ;
153 154 155 156 157 158 159 16 161 1.62
Freq. (GHz)
60 T T T T T T
COMSOL real
L HFSS real
0 CAD formula real
= = = COMSOL imag
a0L - = = = =HF35imag

= = = CAD formula imag

30
20T
10
1 -
or ' A
A v\ - - -
LY - -
1 - -
LY - -
A0} R A =
\‘_'
20

i i i i i i i
1563 154 1.55 156 157 158 159 16 1.681 1.62

Freq. (GHz)
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Derive a transcendental equation for wavenumber of the
TM. surface waves by using the TRE.

T k, :ko\/ﬁ

h €5 1,

Assumption: There is no variation of the fields in the y direction, and propagation is along the z direction.

46



Grounded Dielectric Slab (cont.)

Z ™ kxl Z ™ kxO
(/) 00
we, we,

We think of the transmission lines in the TEN as running in the x direction.

47



TEN:

h |
5
7 ™ 7 ™ _ _
01 | 00 The reference plane R is chosen at the interface.
Q

ZTM — _kxl ZTM — kxO kxl = \/kl2 o k22
01 00
we, 22 ko =k =k )" =—j k2 —k’ =—ja,,

e

Zin — jZOj;M tan(kxlh)9 Zin — ZO](;M

48



TRE:

« N
Zin — _Zin
h R
jZoTlM tan(kxlh) = _ZOT)M ¢
0 TEN: ZM zZM
k k — X |
j x1 tan(kxlh) — x0

W&, e,

4
_ j( l/?d jtan(kxlh) =, = e —— j( lkfxl jtan( k)

x0



Letting

_ . kxl
kxO = —jaxo (Otxo = kzz —k02 ) gr - _] (kxo jtan(kxlh)
we have . ;
k k., =ik’ =k
£, :( xl ]tan(kxlh) Xl b
%xo koo =—JkI =k

or

£ Ji2—k? = Ji2 — 2 tan[(h K2 — 2 )}

Note:
This method (TRE) is a lot simpler than doing EM analysis and applying the boundary conditions (Notes 13)!
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Choose this representation:

TE ™ modes

TM ™ modes

7™, _L
’ Ly

ZTE. _ WH
’ k

k.=k_ork,

Waveguide With Slab

TEN:

Note:

The modes are hybrid in the z direction (not TE, or TM,).

v

Z

01>

k

x1

Oa

o]

Z,=Z,"vor Z

TE
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Waveguide With Slab (cont.)

TEN:
: L=a-w
w 3
Zy, R Zy,
?
. | b
X
«— —
TRE Zin - n

=  JjZ, tan(k,w)=—jZ,, tan(k L)

=  Z, tan(k w)+Z,, tan(k ,L)=0

52



Z, tan(k w)+Z, tan(k ,L)=0

Choose TE.:

Separation equations:

SO

53



Final transcendental equation for the unknown wavenumber £_:

Y
TE,: (Lj tan (k,w)+ [Lj tan (k,,L)=0
kxl kxO
with ) b ‘ 2 /L
ni "
k=] -1 >
7\ Note:
k21 — kgg — (n—) _k? The integer n is arbitrary but fixed.
X r b A

The equation has an infinite number of solutions for £_for a given n:m=1,2,3, ...

TE" : \TE%), TE), TEg;;;,

! |

n=0 n=1

. .\TEg;?, TEY, TE\)

2




Waveguide With Slab (cont.)

Limiting case: w — O:

y

[’;Jtan(k“w){kioJta“(kxoL)=o
{4 b ‘ .

tan(k,,L)=0 W a
(x) (2)

0 Loa TE}) — TE!

tan(k ,a)=0
( x0 ) This mode becomes the usual TE,,
@ mode of the hollow waveguide.
MIT Hence, we have:
kxO —
a

e (22 -]

55



Alternative notation:

Another notation that is common in the
literature for slab-loaded waveguides is the
designation of “LSE” and “LSM” modes. g,

v
e

Longitudinal section plane (yz plane)

LSE mode: “longitudinal section electric” mode
LSM mode: “longitudinal section magnetic” mode

LSE: TE ™ (The electric field vector stays in the “longitudinal section”.)
LSM: TM ™ (The magnetic field vector stays in the “longitudinal section”.)
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