In a nut shell...

Thin Lens, Fourier Optics, and

Grating Devices

1. Theory basic
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Classical Lens-Based (Fourier Optics) Imaging
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1.1 Lens as a non-uniform phase shifter

What a lens does is (approximately) alter the phase of the input wave by an aperture term (its size) and a phase
term that is a function of position owing to its shape - see below.

R, iDL lens aperture

Input Output pha;e shift
i 2, .2
Un(ey) QR UL (5 )P e

Given an input wave, the output wave can be expressed as:

Uoutlx, y1 = Unnlx, y1 Plx, y] &1 (1.L.1)
where P[x,y] is the amplitude transmission function of the lens, which can be just the aperture, and e’ ¢! is the
phase shift that is a function of position. A lens typically has two spherical surfaces (but it does not have to be, as
the surface can have an aspheric shape that is actually better in terms of aberration).
For two spherical surfacers, the phase shift is (in the paraxial approximation):
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1 1 0
olx, v =knD—kZ (n—l)(R—l—R—z)zknD—kﬁ (1.1.2)
1

where n— 1)(1;—] - (1.1.3)

E) T
Then, what happens after the field gets through a lens?
We study the following special cases:

Object right in frant the lens: what happens at focal plane?
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Object right at the front focal plane of lens:
what happens immediately after the lens?
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Object right at the front focal plane of lens:

Object right at the front focal plane of lens: what happens immediately after the lens?
what happens at the back focal plane?
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Object right in front the lens: what happens at focal plane?

7(£,m)
A\ P(Em)

\

/
M .-!L----i-..__------

=
=

A

1.2 Object tranmission function and field at focal plane
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If we neglect the uniform phase term k n D, A beam after thin lens is approximated as:

IR
Uoulx, y1 = Ulx, y1 Plx, yle 27" (1.2.1)

1.2.1 First - without the lens

To find out what the field looks like at a location z, we uses the Fresnel integral (see link) for normal incident plane
wave with unit amplitude: (at a distance away).

ikz .k
Ulx, y] = k=5 f TIE ple' =90 gean  (122)

nz
Here, we assume T[¢, 17] is some aperture function illuminated with a plane wave (see link above).

We do a little algebra:
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Expand[(x — £)? + (y — )?]
x2—2§x+y2+172+§2—2y17

Hence e 2
where pF =&+ (1.2.3a)

Hence, we can write

.k .k .k Lk
eﬂ ;((x_§)2+(y_")2) — @E ;,DZ i— (x2+y2) @_E ;(§x+ yn) (123)

Ulx, v] = k eikz e”zk_z(xbfyz) fT[fa 7l ezﬁzk—z(érbr,f) e_ﬁ'f(fxﬂyy) dédn  (1.2.4a)

i2nz

e i (24y2) it _ifExmy)
Or: Ulx, y] = k 5= [ TIE nle =P e IO dedny  (1.2.4b)
This is without the lens.

Lk
It has: A Fourier transform term: ¢~ = €™ (recall Fraunhofer diffraction)

. . i £ .
and an axial quadratic term:  e2:7 , which is the Fresnel term.

Joseph von Fraunhofer

Augustin Fresnel (1787-1826)

(1788-1827)

At this stage, we don’t have the image T[£,r7] any more. It is blurred quite a bit because of this integration with both
terms.

1.2.2 With the lens
With the lens:

eikz

ok i .k Lk
Uoulx, ¥ = k 507 f TIE, P& qle " 77 & 57 &7 € qedy (12.5)

i2mz
Here, the target transmission function T'[¢, 7] is now multiplied with the lens aperture function P[¢, n7] and of
—p L, ®

course, it has the lens phase term e 2/ ”  that is the essence here (the phase term is far more important - but we’ll
see that the aperture is essential to image sharpness - i. e. resolution)

Hence

eikz

sk 22 P 2(l_l) Lk
Ulx, y] =k el +y)fT[f, nl PlE ple 27 77 e S EH YD ge gy (1.2.5b)

i2nz
. L . A . . .
Notice something interesting here: €’ 2:* which is the Fresnel quadratic phase term, represents the key diffraction

term that make features of an aperture becomes blurred; i. e. a sharp edge becomes soft with ripple and fringes
k

i — p?
because of this term. However, the lens offers a term that seems to be "anti-diffraction" e 27 * . At the right
location, the two terms can cancel each other out.

Discussion: The essence of the lens behavior is that with quadratic phase term, it can counter the
Fresnel quadratic term in paraxial approximation, hence, straighting out the phase front to create
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an image (or Fourier transform in the focal plane). We will see later that by creating a reverse
wavefront, it creates an "reverse diffraction" effect to make the wave converges to an image. That
is very much the essence of lens imaging.

1.2.3 Spatial Fourier transform:

Notice that (1.2.5) can be written:
11

Ulx, y] =k @;_Zz eizk_z(x2+y2) g—w[T[é:’ 1l PIE, ] eigpz(?_f)][k )Z_" k f] (1.2.6)

in which, we define in general:

Gk, ky| = F-11gle. M1 = 5= [gl&. mlei®E+hm agay (12.7)
At focal plane: i - % = 0, hence:
e i K (24y2) x gy
Ulx, Yl o=y =k S "= FTIE n] PIE, nll|k ok ;] (1.2.8a)
g i (x X
s % & 7 ) gt Pl %, k2] (1.2.8b)

This is a central result of lens imaging and Fourier optics: The focal plane field of the lens is

approx the Fourier transform of the input on the lens (but with an additional quadratic phase term
k

57 ()

e’z ). It is also a representative of Fraunhofer diffraction of the object and lens aperture T[¢,
n] P[¢, n] in the far field. In other words, the FF diffraction pattern is displayed on the focal plane.
This has been used extensively for analog optical processing.

.k
We will see later that if the input image is at the input focal plane, this phase term e’ﬁ("z“’z)

also disappear.

will

Fourier transform of an image is NOT an image, but can be transformed back. This is an essential elements of
digital image processing. Although what we discuss here is fundamental wave optics phenomenon.

& Example

Fresnel = ImageData

Fwidth = Dimensions[Fresnel][[2]]
Fheight = Dimensions[Fresnel][[1]]

200

314
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FresnelBW =
Reverse[Table[Mean[Fresnel[[Z, j]111, {i, 1, Dimensions[Fresnel][[1]]}, {j, 1, Dimensions[Fresnel][[2]]} ] ];
Fheight ]

Fwidth

ListDensityPlot[FresnelBW, ColorFunction - GrayLevel, AspectRatio —»

250
200 -

150

50

Augustin Fresnel
(1788-1827)

0 50 100 150 200

Dimensions[FresnelBW]

{314, 200}

FTFresnel = Fourier[FresnelBW] ;

FTF = RotateRight[FTFresnel, 157];

FTF = Transpose[FTF];

FTF = RotateRight[FTF, 100];

FTF = Transpose[FTF];

ListDensityPlot[Log[Abs[FTF]], ColorFunction — "Rainbow", PlotRange —» All]
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ListPlot3D[Log[Abs[FTF]], ColorFunction —» "Rainbow", PlotRange — All]

Small note: by convention, the expression:

;—nffT[x, yle™ (4xx+ay2) g dy = Rlg. 9, (1.2.9)
is usually called inverse Fourier transform:

71| Tlx, yllgw a4] = ﬁffT[x, yle™ (@rv+a,7) g x dy
(1.2.10)
However, we will not make that distinction between s- and s
here, as it is not crucial as long as we keep the sign of the expo-
nent in the transforms consistently. We can use the same term FT
for both, or even drop the inverse exponent -1. The important
point is to keep the convention that the spatial image is expressed
as:

Tlx, y] = iffR[qx, qy] e 030 ) g x dy

(1.2.11)
Note also that this is Fraunhofer diffraction of an intensity pattern T'[¢, n7] P[£, n]. Thus, in the focal plane, it is
similar to the far-field Fraunhofer diffraction pattern. However, we also note that there is a quadratic phase term

i E (242
e’ ) remaining. This indicates it is NOT a flat wavefront, but is curved and can affect its subsequent propaga-

tion. However, in many cases, it is small, negligible, or corrected with real optics as the real lens is NOT just
ik 2
e 27 (+r ), but with higher order terms to flatten wavefront.

1.2.4 Spatial frequency discussion

Consider further from (1.2.8b) that f X, fk v have the unit of spatial frequency. We can also rewrite (1.2.8b) as:

[x, ] -k eikf eu’ z—kf (¥+»?) 3—W[TP][/€ RayA X]
L > Y IZ:f - if ! > f’ f
k

ikz .k _i .
Uls, yl ey = k5 @500 fT[f, mPlE e T agay

i2nz

i () s s / I icgxra,
= ki L 1 ah - fl e f - f] @ dgedg, 0212




LectSet 9 - Fourier optics and lens imaging_2.nb | 9

which is obtained with the transformation of variables:

¢ . no_
kE =—g,; k7 =—q, (1.2.12a)
We recognize that:

ety = 4 g2 T[T =g % o ]P[ 2 %, -0y ¢

Ulx, yl =y = ée”’kfei?%(xzwz) (’g:[T[_Qx . ]P[ —qy i]]
(1.2.13a)
Or,

Fo[zewrem o= T[-q: Lo ~ay £] Pl=a: §. ~4, £
(1.2.13b)

In other words, the spatial frequency representation of:
~ . k
Ulx, y] = %U[x, yle kS ¢ '3 7 () (1.2.13¢)

is simply a product:

T[—qx %, —q,y %] P[—qx %, —q,y %] (1.2.13d)

This will be seen to be generally true for lens imaging:

The Fourier transform of an image (multiplied by a phase and a propagation amplitude factor) is
simply the product of a k-space function associated with the object and an "optical transfer
function" of the lens.

We will see later that the concept of "optical transfer function" has a general definition applied to
any imaging system beyond just for a lens.

If the lens is just a circular aperture with unit amplitude, then, (1.2.13d) is:
A A ] [ ]
T[ dx T» —4qy 7| O|5k—¢ (1.2.14)
where @ [;;7 k— q ] is the unit step (Heaviside) function that represents a circle in {qx, qy} space with radius:

Qo=k =21 (1.2.14a)

PRI T .
We see that this means all high spatial frequency components of Ulx, y]e ' 2/ (+7) are zero, it means that the

image cannot contains higher spatial frequency than given in (1.2.14a). Thus, one must conclude that it is the lens
that cuts off all the high spatial frequency component of the object transmission function. In other words, the lens
acts as a hard k-space filter with abrupt cut-off.

# Exercise 1 Amplitude and phase of a uniform beam (plane wave)

Let's look at the intensity and phase of a uniform input beam:
Lk

Lk k 1 Lk
ez () Uinl€, 1] PIE, 1] @”zpz(z r)e"*’;(f“y”) dédn (1.2.5)

eikz
Ulx, 3 = k 5

nz

with Unlé, nl =1 (1.2.6)
and P[£, n] is just the aperture of a circle:

ikz .k k(L L -k
Ule, 7] = k fom o 50707 P OR3P (7] g Sorcotdl p gy ag
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k

ikz - k(L L
Ulx, y] = k%e“ﬁr2 ﬁD/zeuzpz(z f)27TJ()(ker)pdp
Ulx, y] = k%eiz%rz D/ZQdEpZ(E—}—)JO(k:_p)pdp

UniformBeam|[z_,r ,A_,f ,Di_]:= Module[{k},

eik\]zzﬂ‘z K 2(1__1) krp
k=2n/A; ———— *NIntegrate[e”p i f BesselJ[O, —]p, {p, 0., Di/2.}] ];
i+ :

PlotSD[Re[UniformBeam[z, N2+ 0 f, Di]], {z, f =15, f +5),

{x, =10, 10}, PlotRange —» All, PlotPoints — {80, 40}, BoxRatios - {2, 2, 0.5}]
Alternate code if slow computer:

A=1. ; k=2n/2 ;
£f=5.%10"3; Di=5%1023; y=0.; field={};
For[i:O,is 80, i++, z=£-15+0.25%1 ;

dat

Table[

{z, j%0.5, Re[UniformBeam[z, N (5%0.5)24y% , 1, £, Di]]} , {3, -20, 20}];
AppendTo[field, dat]

pfield = Flatten[field, 1];
ListPlot3D[pfield, PlotRange » All, BoxRatios - {1, 1, 0.3}]

ListDensityPlot[pfield, ColorFunction - GrayLevel, PlotRange — All]

— 500 A—
5&‘\, | 10
7 3
FiFan i
JUFIE D NN -5
I F.r ‘| L R 1
e |
|
A 19
‘ \
N[N[% i
AN ‘\ Wlels tla- -r is
AN *
e EEEREEE NS
4985 4990 4995 5000 3005 4985 4990 4995 5000 5005

= Exercise 2 Focal plane intensity image of a uniform beam

Let Uph[€, 1] be uniform and P[£,77] be a circle, what is the image pattern? From the above, we expect it to be
similar to Fraunhofer diffraction of a circle.

ﬁ fP[f, nle i 2w Evan ge gy - i fe—u’ 2rspCoslé) b p d
where: s = {p, ¢} = ﬁ {x, v} and p={&n} and Cos[¢]=r.p
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1 2
—_— e—i 27 s pCos[g] d¢

27 Jo

If[sp eR, 21Jy2nsp), Integrate[e‘2 irspeos@) (g 0, 2 7}, Assumptions — s p ¢ [R]]
2

D/2 1
f JoQrasp)pdp [. s> —r
0 Af

Dnr
DfAJl( IR )
4rnr
Or k€L o (Pe) Datin D et i () A
) 2if 4¢Dr/f}) — 8 if ' /)

k
7 D* e’ikf@l;rz Ji(r/w)

YV /)

where w = 7{—;
A=1.;
f=5.%10"3; Di=5%10"3;
Manipulate[w = fA/(xDi);
ParametricPlot3D[{r Cos[¢], rSin[f], (x Di’ /(41 £))*2 (w Ji(r/w)[r) "2},
{r, 0.001, 5}, {t, 0, 27}, PlotRange —» All, BoxRatios - {1, 1, 0.5}, {Di, 21073, 104}]

£

32327f0  f

The beam waist diameter w = FA shows that the smaller the lens f-number: f/D, the smaller the waist, i.

D
e. tigher focusing, which indicates the lens optical resolution.

122 £ fA
5 ~244 7

For the first zero, itis w = 2 B
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1.3 Object at the focal plane

Suppose we have the opposite case from 1.2 above; an object is at the lens focal plane instead of being right in
front of the lens, what will be the pattern after the lens? (note the change of the coordinate labeling: {x,y} is for

input and {&, n7} is for output

Objectright at the front focal plane of lens:
what happens immediately after the lens?

P(&.mn)
U(r) T‘(I,y) Uz (gv ﬂ')
e
_

We can apply Fresnel theory as above to find the diffracted field from the object to the plane before the lens. It is:
: .k
G f Tlx, y] &' 3 (90 4y qy, (1.3.1)

Uilg,m, 21l =k 5+~
Here, we assume the illumination is uniform. Immediately after the lens:

.k
PI£, ] f Thx, yl & 32 (SO0 yoan (132

where P[£, n7] is the lens aperture function. With a similar algebraic manipulation:
eikx E:E(L_L)(§2+nz) z’i(x2+y2) i L ey
Uhlé,n, 21] =k 2nin © 2\a f Plé, ] | Tx, yle 2= e = dxdy (1.3.3)
We see here that we do not simply get the Fourier transform of T[x, y], but that of the function:

- dL(x2+y2)
Tlx, y; z1] = Tx, yl e *= (1.3.4)

ks gk
U2[§, 77,21] =kLe 2,.(§+1])

2mizy
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(x*+)7?)

; X 2
In other words, the transmission function is modified by a phase term e >= ( think of it as %). Later on, we

will see that this phase term is not crucial as it can be neglected or corrected in flat field system.
Then, from (1.3.3):

U2[§5 n, Zl] =k

where & [T [zl]] is the inverse Fourier transform of 7[z]:

kz

e S D)E) pre g Tz £,k 2 (1.3.5)

21

T2 [gw 4] = 55 [TIx, ys 21l e C60+20) dxdy (1.3.6)
If the object is at the front focal plane:
1 1)\
(7 - Z)‘O (1.3.7a)
s - £
then:  Uslé m 71 = f1 =k S PLE m [ TUf1[k 5 k 2] (1.3.7b)

which is the equivalent reciprocal of the results above in section 1.2, Eq. (1.2.8b):
Here it is for comparison. From section 1.2, Eq. (1.2.8):

UL, ¥ ey =k S & 207 e, PLE [ =, k2] (12.80)

_ e i) o x Y
=k e F w[TP][k f,kf] (1.2.8b)
Both involve the inverse FT of image pattern T'[x, y], differing only on the role of the lens aperture function

P[¢, n].

As mentioned above, 2L (x2 + y2)~ le is supposed to be slowly varying only in this approximation. In fact, for
z z

L (@)

2 ] —
ideal paraxial approximation, % << 1, hence, the phase term e' 2= does not play a significant role.
1

1.4 Focal plane input - Focal plane output

Finally, what happens if we have the case below:

Object right at the front focal plane of lens:
what happens at the back focal plane?

Pen) Us(uv)

u(r) I 7(x.y) \ Uaem) !
— E :
\ A

— L E (uv) :

>

< :f.P »
I f f

We simply use the result from 1.3 to obtain U, and then, Fresnel diffraction to propagate the wave from U, to Us.
From Eq. (1.3.3):

. k11 .k Tix
wwmﬁu=k“‘dﬂTﬂ%ﬂﬂamfﬁLﬂéiwwkﬁJ&mdmw (14.1)

2miz

. 1 1

With T
_ ek iff(xz+y2) 7iii(x§+yn) .

Ulé,n, z1] =k Plé,n] | Tlx, y]e 2= e = dxdy (1.4.2)

2niz

=0:
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We apply Fresnel diffraction:
k2 L'LuZ V2 L'L 2 —L'i u+nv
Ul v, 25] = k £ i )fUz[g, me =" ¢S E) gean  (1.43)

i2mzy

Substitute (1.4.2) into (1.4.3):
2 24y etha ? - L u+nv
Uslu, v, 23] = k S o' 3 (007) g fp[g ple 70 g s €y (1.4.4)

L27rzz 2niz

.k .
(f [x, y]e 25 ) ety e d’xdf’y)(igdrf'n

We switch order of integration:

Uslit, v, 23] = kS o5 (007 et f x, y] & 77 ) (14.5)

[27127 2mizy

( f Pl¢, e T h i Eun) i ey dé df’n) dxdy
We look at this term:
f Ple, e €Y T GE) e g (1.4.6)
which is:
fP[g, 7] @’22,(72"2 @_’ik(f(zfo'f)Jr 1(5+3) dédn (1.4.7)

It cannot be integrated in close form if include P[£, i7]. But if we can approximate that the lens is very large com-
pared with the object size, then P[£, 17] can be consider as 1 over the entire &, 17 plane. Then, (1.4.7) becomes:

f@l e e ey dédn (1.4.8a)
f ¢ 5" g€ qeap (1.4.8b)
where: ; (1.4.8¢)

i p?
This is the Fourier transform of ¢’ 2= * . Fortunately, we can perform this FT:
.k .
fe”ipz e € gedn = B2 T ) (149)

Apply (1.4.9) into 1.4.5:

B eikz L«%(Uzﬂ,z) etk
Uslu, v, z2] = L€ Y. (1.4.10a)
LS T o R
fr[x’ )] o i(x +)?) 52/7:% e E(s +7) dxdy
Substuitute (1.4.8¢):
Y ER T SR O S
Uslu, v, 23] = k ™ o 2 () (1.4.10b)
2miz
k 2z, 2 2
fT[x y]@ zz,( 247) _lﬁkz( * )afxafy
Expanding the exponent with u, v, x, and y:
etk Gi+) IiL(u2+V2) —i L(u +v )
Uslu, v, 5] =k &— e 2= e 2 (1.4.10c)

2miz
.k . kzy .
f Thx, yl e 00 o2 6 ik i D) g gy

We see that all quadratic exponent terms are cancelled if z; =z, = f
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ikf ik luiev t
Uslu, v, 2] = kzﬂk; fT[x, o e D aray  (14112)
Uslu, v, 2] = k2nk; g7k 7k7] (1.4.11b)

This is a most well known results in lens application and Fourier optics: the focal plane-to-focal
plane field transformation is a Fourier transform (without any quadratic phase term), if the lens can
be approximated as large compared with the object size. This has been used extensively for
analog optical processing.

1.5. Model for image formation with two-lens equivalent.

1.5.1 Image formation

Suppose we have 2 lenses back-to-back as shown:

ur) | 76en) '

(xy)

(u,v)

|

1
>e
A 'I‘
1 Z

Uncollected
by lens

What we can do here is to apply Fresnel diffraction theory twice for each stage:
1- From the object to the 1st lens

2- From the 2nd lens to its back focal plane

For the first stage, we see that from Eq. (1.3.7b)

Ulé, 1, 21 = f] = k = Py[E, 7] g—w[T[zl]][k il k l] (1.3.7b)-(1.5.1)

i
iz z

where we use the function P;[£, 17] to denote aperture of the "first" lens. But now, this field is the input to the

second lens. Therefore we can use (1.2.8b) to get the field in the second lens back focal plane, substituting z,
where appropriate:

i ZL (u2+v2)

Uslu, vl =k <= &' 5= ) (U Pk £, ke 2] (15.2)
iz 22 22

where P, denotes aperture of the "second" lens. Of course, both P; and P, are the same, and later we will just use
one function for their product.

Here, substitute (1.3.7b-1.5.1) into (1.5.2)

) - [k ¢

i

.k
i —(u2+v2
2z,

U —k eikn ikz
slu, vl =k T—e .

Pilg,m FIT [k £, k 2| ot m][k 2,k 2] (1.530)

1

B ikn) i (47) ~ [ u v
Uslu, v] = — X eik@+a) oo 5—1[13[5, 7l 5—1[Tzl][k ;,k;] ][k Z,k;] (1.5.3b)

x|

Hence, the double Fourier transform shows that the image is reproduced but with a cut-off in frequency space
because of the lens finite aperture represented by P[¢&, n].

Explicitly, the double Fourier term:
G- [P[g, 7l g—1[le][k zi k zi] ][k Lk (1.5.42)
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is:
i 2 —ik,i , I isz 2
L [agan € prg gy [axaye™ ) gie pp o)

Swapping the order of integration:

= [axay 1ix o150 [aganpieme ) (s

We will call this function below "optical transfer function" of the lens:

42 dédnPlé ne ke en(e2)) (1.5.5)

If P[§ n]is 1 everywhere (inﬁnity), then:
N aganpig, g HECE) 2 o[k (= +2) k(£ +2)] (1560

47

and:
Fo|Pemo- Tk ok ] [k gk ]

=fc£xc£y Thx, yl e iv ) ofk(Z+2) k(2 +2)]

72 i kz‘ﬁ (1?+?)
- T[ L, ——v]e (1.5.6b)
And from (1.5.3b), the image is ~ :
L kz
Us[u, v] = — K pik@z) (” +7) # T[— IRk v] e 2= (w+v?)
Zp 2} k Z Z
k 2\ (122
Uslu, v] = = @i 72y -2y o5 7= (1+3) () (15.7)
Z

which is essentially the object origmal transmission function with magnification factor — j—‘; the minus sign
2

indicates the inversion. Infinite lens produces perfectly faithful images.

Thus: The lens is an anti-Fresnel diffraction device: the illuminated image (pattern) is blurred at a
distance because of Fresnel diffraction. A lens (perfect) undoes that effect and reconstruct the
original illumination image (pattern).

For finite aperture, we define:
dédn Ple,nl e FEC D)) 2 S[k(i + l), k(l + —)] (1.5.8)
z z z z

which is the pointspread function (PSF) of the system. We also define:
1 —i
o= [d¢dnPlg, nle i €ama) = §[q,, q,] (1.5.9)

Then the image is:

o == e 5 (a1 5 (4 2 (22 050

22 z) 21
which is obviously a convolution.
In FT space, this convolution is a product, hence we will see that the lens acts just like a hard (sharp cut-off) filter

in the spatial frequency domain.

& Calculate S for a circular aperture
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2 T
f £ PICOI] g
0

lf[qp eR, 21 Jy(q p), Integrate[eﬁqpcos(‘”), {¢, 0, 2 1}, Assumptions —» ¢ p & [R]]

1
—faJo(qp)pdp
27 Jo

aJi(aq)

2nq

. 2
Hence: —41 > [dédn PlE n] et €pa) = = —J(‘:;?) where a is the radius of the lens aperture. This is again the
Vs

point spread function that we had earlier.

The image (1.5.10) is a convolution:

.k .k
_E etk (z+z) emz(“b'vz) fdxdy T[x, y] emz()ﬁyz) —

x|

(1.5.11b)

Jl[
.k .k z
L ikt gl () f"zxdy Thx, yl e’ 77 -

2 funf-2 ) o (-0

1.5.2 Delta-function transmission function

What if the transmission function of the object is a point, i. e. d-function at some location {xq, yg}:
T[x, y] = 6[x — xo, ¥ — ol (1.5.12)

Then:

.k ok ‘[
Us[u, v] = — £2 gikrez) o 1o 7)o (%07 07)

2mzyz 3 3
i fumle ) (- 20)
; & -k (20 @+ - )
_BE ik gl an 7)o (w07 ?) ‘(Zz Tt
2nz7 Zik (u—ug)*+ (v=y)?

which, we see is just the point-spread function (PSF) (as it is aptly named) at the corresponding location

{— i—z X0, — i—z yo} in the image plane. We will get the same result if the light comes from an emitting point
1 1

(1.5.13)

ikr

e
source —.

1.6 Exercise: Uniform beam (input plane wave)

& Exercise Uniform beam (input plane wave)
Let Ujy[€, n7] be uniform and P[£,n7] be a circle, what is the image pattern at the focal plane? From the above, we

expect it to be similar to Fraunhofer diffraction of a circle.
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ifp[g’ 77] e—t27r(p§+q n)dé;dn N ﬁfe—tZHSpCos[¢]pdpd¢

where: s = {p, q} = # {x, vy} and p={£,n} and Cos[p]=r.p

1 2
- e—i 27 s p Cos[g] (ﬂ¢

271 Jo

If[sp eR,2nJy2nsp), Integrate[ze‘z”‘“pc"s("’), {#, 0, 2}, Assumptions — s p & [R]]

2n

D/2 1
f JoQrsp)pdp [. s> —r
0 Af

Drnr
D/ o )
4nr
) eH i (2 ?) D (), D et it (24?) Jy(rw)
Or: & 2if e 4(rDr/fd) =k 8 if e (r/w)
_ 1D ikf it Ji(r/w)
Ufocal =—1 4)”-@ Te 2 /w)
% is known as the lens point-spread function (see next section).
_ S
where w = s

The ratio % is define as a lens f-number. For example, /2 means that the focal length is 2 times the lens aperture

diameter. It is inversely proportional to lens numerical aperture: Sin[6].
w is a measure of lens resolution (more later), hence, the lower the f-number the higher the resolution.

L L L e LR >
i f
T ’
¢ R
II :II
D1 [ y
--------------- :'-‘}":'-i'-“"“““"““'"'-'i'
v
P .
E e / '
Y

Manipulate[f =10%; A=0.55; Di = diam10%4 ;
w=fA/ (nxDi) ;
{ParametricPlot3D [{rcos[t], rsin[t],
(rDi?/ (41 £)) "2 (wBesselJ[l, r/w]/r)*2}, {r, 0.001, 5},
{t, 0, 2}, PlotRange » All, BoxRatios > {1, 1, 0.5}, Mesh - False]
, ParametricPlot3D[{r Cos[t], rSin[t], Arg[eiﬁ] }, {r, 0.001, 5},
{t, 0, 27}, PlotRange » All, BoxRatios-» {1, 1, 0.5}, Mesh - False]},

{{diam, 0.2, "Lens diameter (cm)"}, 0.2, 2}]
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800000 i
600000 ¢ : 0.010
400000 y

200000 - 4 k
[}.'.' y 0,000,
g E 0 -5 T /0

in

0.0051

- P 4
¥ _5 5
5 =3

We define the spot diameter is where the intensity has its first zero:

r=.;

FindRoot[J;(r) /r == 0., {r, 3}]

{r - 3.8317}

3.8317059702075125" / Pi

1.2197

The beam waist w = 3'811;/( L 1.22 % shows that the smaller the lens f-number: /D, the smaller the waist, i. e.
tigher focusing, which indicates the lens optical resolution.

The diameter of the spot2 w =2 % ~2.44 %\

Compare this formula with Gaussian beam waist: w~ - Siln[ i ﬂT:n[ a0

where 0 is the beam divergence: Tan[6] ~ % . Hence w~ zﬂf—; = 0.64 '%\ ,

Note that Gaussian w is at the point ¢! and not at the full circle zero of the point spread function, hence it is ~half
width rather than full width.



