
Thin Lens, Fourier Optics, and 
Grating Devices

1. Theory basic

In a nut shell...



1.1 Lens as a non-uniform phase shifter
What a lens does is (approximately) alter the phase of the input wave by an aperture term (its size) and a phase 
term that is a function of position owing to its shape - see below.
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Given an input wave, the output wave can be expressed as:
Uout x, y  Uin x, y P x, y   x,y                         (1.1.1)

where P[x,y] is the amplitude transmission function of the lens, which can be just the aperture, and   x,y  is the 
phase shift that is a function of position. A lens typically has two spherical surfaces (but it does not have to be, as 
the surface can have an aspheric shape that is actually better in terms of aberration). 
For two spherical surfacers, the phase shift is (in the paraxial approximation):
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 x, y  k n D  k 2

2
n 1 1

R1
 1

R2
 k n D  k 2

2 f
    (1.1.2)

where                               n 1 1
R1
 1

R2
 1

f
                                   (1.1.3)

Then, what happens after the field gets through a lens?
We study the following special cases:
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1.2 Object tranmission function and field at focal plane

rU
,T

,V

If we neglect the uniform phase term k n D, A beam after thin lens is approximated as:   

Uout x, y  Uin x, y P x, y 


k
2 f

2

                 (1.2.1)

1.2.1 First - without the lens
To find out what the field looks like at a location z, we uses the Fresnel integral (see link) for normal incident plane 
wave with unit amplitude: (at a distance away).

U x, y  k  k z

 2  z T ,  
k

2 z
x 2 y 2

           (1.2.2)

Here, we assume T[, ] is some aperture function illuminated with a plane wave (see link above).

We do a little algebra:
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Expand x   2  y   2

x2  2  x  y2  2  2  2 y 

Hence        
k

2 z
x 2 y 2

 
k

2 z
2


k
2 z

x2y2


k
z
 x y               (1.2.3)

where                                 2  2  2                                     (1.2.3a)
Hence, we can write

U x, y  k  k z

 2  z


k
2 z

x2y2
T ,  

k
2 z

22


k
z
 x y       (1.2.4a) 

Or:         U x, y  k  k z

 2  z 


k
2 z

x2y2
T ,  

k
2 z
2


k
z
 x y       (1.2.4b)

This is without the lens.

It has: A Fourier transform term:  
k
z
 x y   (recall Fraunhofer diffraction)

and an axial quadratic term:       
k

2 z
2

, which is the Fresnel term. 

At this stage, we don’t have the image T[,] any more. It is blurred quite a bit because of this integration with both 
terms.

1.2.2 With the lens
With the lens: 

Uout x, y  k  k z

 2  z 


k
2 z

x2y2
T ,  P ,  


k

2 f
2


k

2 z
2


k
z
 x y      (1.2.5a)

Here, the target transmission function T ,   is now multiplied with the lens aperture function P ,   and of 

course, it has the lens phase term 
k

2 f
2

 that is the essence here (the phase term is far more important - but we’ll 
see that the aperture is essential to image sharpness - i. e. resolution)

Hence

U x, y  k  k z

 2  z


k
2 z

x2y2
T ,  P ,  

k
2
2 1

z


1
f 

k
z
 x y        (1.2.5b)

Notice something interesting here:  
k

2 z
2

 which is the Fresnel quadratic phase term, represents the key diffraction 
term that make features of an aperture becomes blurred; i. e. a sharp edge becomes soft with ripple and fringes 

because of this term. However, the lens offers a term that seems to be "anti-diffraction" 
k

2 f
2

. At the right 
location, the two terms can cancel each other out.

Discussion: The essence of the lens behavior is that with quadratic phase term, it can counter the 
Fresnel quadratic term in paraxial approximation, hence, straighting out the phase front to create 
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an image (or Fourier transform in the focal plane). We will see later that by creating a reverse 
wavefront, it creates an "reverse diffraction" effect to make the wave converges to an image. That 
is very much the essence of lens imaging.

1.2.3 Spatial Fourier transform:
Notice that (1.2.5) can be written:

U x, y  k  k z

 z 
k

2 z
x2y2

F 1 T ,  P ,  


k
2
2 1

z


1

f k x
z , k y

z    (1.2.6)

in which, we define in general:
G kx, ky  F 1 g ,   1

2 
g ,   kx   ky               (1.2.7)

At focal plane:   1
z 

1
f  0, hence:

U x, y z f  k  k z

 z


k
2 z

x2y2
F 1 T ,  P ,  k x

z
, k y

z
     (1.2.8a)

 k  k f

 f 
k

2 f
x2y2

F 1 T P k x
f , k y

f                   (1.2.8b)    

This is a central result of lens imaging and Fourier optics: The focal plane field of the lens is 
approx the Fourier transform of the input on the lens (but with an additional quadratic phase term 


k

2 f
x2y2

). It is also a representative of Fraunhofer diffraction of the object and lens aperture T[, 
] P[, ] in the far field. In other words, the FF diffraction pattern is displayed on the focal plane. 
This has been used extensively for analog optical processing.

We will see later that if the input image is at the input focal plane, this phase term 
k

2 f
x2y2

 will 
also disappear.

Fourier transform of an image is NOT an image, but can be transformed back. This is an essential elements of 
digital image processing. Although what we discuss here is fundamental wave optics phenomenon.

Example

Fresnel  ImageData ;

Fwidth  Dimensions Fresnel 2
Fheight  Dimensions Fresnel 1

200

314
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FresnelBW 
Reverse Table Mean Fresnel i, j , i, 1, Dimensions Fresnel 1 , j, 1, Dimensions Fresnel 2 ;

ListDensityPlot FresnelBW, ColorFunctionGrayLevel, AspectRatio
Fheight

Fwidth

Dimensions FresnelBW

314, 200

FTFresnel  Fourier FresnelBW ;
FTF RotateRight FTFresnel, 157 ;
FTF Transpose FTF ;
FTF RotateRight FTF, 100 ;
FTF Transpose FTF ;
ListDensityPlot Log Abs FTF , ColorFunction "Rainbow", PlotRange All
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ListPlot3D Log Abs FTF , ColorFunction "Rainbow", PlotRange All

Small note: by convention, the expression:
1

2  T x, y  qx xqy y  x  y  R qx, qy                       (1.2.9)

is usually called inverse Fourier transform:
F 1 T x, y qx, qy  1

2  T x, y  qx xqy y  x  y
(1.2.10)

However, we will not make that distinction between  F 1 and F 0
here, as it is not crucial as long as we keep the sign of the expo-
nent in the transforms consistently. We can use the same term FT 
for both, or even drop the inverse exponent -1. The important 
point is to keep the convention that the spatial image is expressed 
as:

T x, y  1
2 

R qx, qy  qx xqy y  x  y
(1.2.11)                                    
Note also that this is Fraunhofer diffraction of an intensity pattern T ,  P ,  . Thus, in the focal plane, it is 
similar to the far-field Fraunhofer diffraction pattern. However, we also note that there is a quadratic phase term 


k

2 f
x2y2

 remaining. This indicates it is NOT a flat wavefront, but is curved and can affect its subsequent propaga-
tion. However, in many cases, it is small, negligible, or corrected with real optics as the real lens is NOT just 




k
2 f

x2y2

, but with higher order terms to flatten wavefront.

1.2.4 Spatial frequency discussion
Consider further from (1.2.8b) that k

f x, k
f y have the unit of spatial frequency. We can also rewrite (1.2.8b) as:

U x, y z f  k  k f

 f


k
2 f

x2y2

F 1 T P k x
f

, k y
f

U x, y z f  k  k z

 2  z 


k
2 z

x2y2
T ,  P ,  


k
f
 x y 

 

 k  k f

 2  f 


k
2 f

x2y2 f 2

k2 T qx
f
k , qy

f
k P qx

f
k , qy

f
k  qx xqy y qx qy    (1.2.12)  
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which is obtained with the transformation of variables: 

k 

f
 qx  ;     k 

f
 qy                                    (1.2.12a)

We recognize that:

U x, y z f  k  k f

 2  f


k
2 f

x2y2

2  f 2

k2 F T qx
f
k , qy

f
k P qx

f
k , qy

f
k

U x, y z f 
f
 k
 k f 

k
2 f

x2y2 F T qx
f
k , qy

f
k P qx

f
k , qy

f
k

(1.2.13a)
Or,               

F 1  k
f 

 k f 
k

2 f
x2y2

U x, y  T qx
f
k , qy

f
k P qx

f
k , qy

f
k

(1.2.13b)
In other words, the spatial frequency representation of:

U


x, y   k
f U x, y  k f 

k
2 f

x2y2

                           (1.2.13c)

is simply a product:

T qx
f
k , qy

f
k P qx

f
k , qy

f
k                   (1.2.13d)

This will be seen to be generally true for lens imaging:

The Fourier transform of an image (multiplied by a phase and a propagation amplitude factor) is 
simply the product of a k-space function associated with the object and an "optical transfer 
function" of the lens. 
We will see later that the concept of "optical transfer function" has a general definition applied to 
any imaging system beyond just for a lens.

If the lens is just a circular aperture with unit amplitude, then, (1.2.13d) is:

T qx
f
k , qy

f
k  a

f
kq                                         (1.2.14)

where  a
f

kq  is the unit step (Heaviside) function that represents a circle in qx, qy  space with radius:

Q0  k a
f  2  a

 f                                      (1.2.14a)

We see that this means all high spatial frequency components of U x, y 
k

2 f
x2y2

 are zero, it means that the 
image cannot contains higher spatial frequency than given in (1.2.14a). Thus, one must conclude that it is the lens 
that cuts off all the high spatial frequency component of the object transmission function. In other words, the lens 
acts as a hard k-space filter with abrupt cut-off.

Exercise 1   Amplitude and phase of a uniform beam (plane wave)
Let's look at the intensity and phase of a uniform input beam:  

U x, y  k  k z

 2  z 


k
2 z

x2y2
Uin ,  P ,  


k
2
2 1

z


1

f 
k
z
 x y     (1.2.5)

with                                                            Uin ,   1                                    (1.2.6)   
and P[, ] is just the aperture of a circle:

U x, y  k  k z

 2  z 


k
2 z

x2y2

0
2 

0
D 2

k
2
2 1

z


1

f 
k
z
 r Cos     
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U x, y  k  k z

 2  z 


k
2 z

r2

0
D 2


k
2
2 1

z


1

f 2  J0
k r 

z   

U x, y  k  k z

 z 


k
2 z

r2

0
D 2

k
2
2 1

z


1
f J0

k r 
z   

UniformBeam z_, r_, _, f_, Di_ :Module k ,

k  2   ;
 k z2r2

 z2  r2
NIntegrate 

k

2
2 1

z


1

f BesselJ 0,
k r 

z
 , , 0., Di 2. ;

Plot3D Re UniformBeam z, x2  y2 , , f , Di , z, f  15, f  5 ,

x, 10, 10 , PlotRange All, PlotPoints 80, 40 , BoxRatios 2, 2, 0.5

Alternate code if slow computer:

1. ; k 2 ;
f 5. 10^3 ; Di 5 10^3 ; y 0. ; field ;
For i 0, i 80, i , z f 15 0.25 i ;

dat Table

z, j 0.5, Re UniformBeam z, j 0.5 2 y2 , , f, Di , j, 20, 20 ;
AppendTo field, dat
;

pfield Flatten field, 1 ;
ListPlot3D pfield, PlotRange All, BoxRatios 1, 1, 0.3

ListDensityPlot pfield, ColorFunctionGrayLevel, PlotRange All

Exercise 2   Focal plane intensity image of a uniform beam
Let Uin ,   be uniform and P[,] be a circle, what is the image pattern? From the above, we expect it to be 
similar to Fraunhofer diffraction of a circle.  

1
2  P ,   2  p   q     1

2   2  s Cos     

where: s  p, q  1
 f x, y  and ={,} and  Cos[]= r . 
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1

2  0

2 
 2  s Cos  

If s  R, 2  J0 2  s  , Integrate 2   s  cos  , , 0, 2  , Assumptions  s  R

2 

0

D 2
J0 2  s     . s

1

 f
r

D f  J1
D  r
f 

4  r

Or:    k  k f

2  f


k
2 f

x2y2 D2 J1 r w
4 r D  f 

 k D2

8
 k f

 f


k
2 f

x2y2 J1 r w
r w

   D2

4  f 
 k f 

k
2 f

r2 J1 r w
r w

where  w 
f 
 D

  1. ;
f  5.10^3 ; Di  510^3 ;
Manipulate w  f  Di ;

ParametricPlot3D rCos t , r Sin t , Di2 4  f ^2 w J1 r w r ^2 ,
r, 0.001, 5 , t, 0, 2  , PlotRange All, BoxRatios 1, 1, 0.5 , Di, 210^3, 10^4

The beam waist diameter w 
3.2327 f 

 D


f 
D

 shows that the smaller the lens f-number: f/D, the smaller the waist, i. 

e. tigher focusing, which indicates the lens optical resolution.  

For the first zero, it is w  2 1.22 f 
D 2.44 f 

D
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1.3 Object at the focal plane
Suppose we have the opposite case from 1.2 above; an object is at the lens focal plane instead of being right in 
front of the lens, what will be the pattern after the lens? (note the change of the coordinate labeling: {x,y} is for 
input and {, } is for output

We can apply Fresnel theory as above to find the diffracted field from the object to the plane before the lens. It is:

U1 , , z1  k  k z1

2   z1
T x, y 


k

2 z1
x 2 y 2

 x  y           (1.3.1)

Here, we assume the illumination is uniform. Immediately after the lens:

U2 , , z1  k  k z1

2   z1


k
2 f

22

P ,  T x, y 


k
2 z1

x 2 y 2

 x  y      (1.3.2)

where P[, ] is the lens aperture function. With a similar algebraic manipulation:

U2 , , z1  k  k z1

2   z1



k
2

1
z1


1
f

22

P ,  T x, y 


k
2 z1

x2y2




k
z1

x y 
 x  y  (1.3.3)

We see here that we do not simply get the Fourier transform of T[x, y], but that of the function:

T


x, y; z1  T x, y 


k
2 z1

x2y2

                                          (1.3.4)
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In other words, the transmission function is modified by a phase term 
k

2 z1
x2y2

 ( think of it as w2

 z ). Later on, we 

will see that this phase term is not crucial as it can be neglected or corrected in flat field system.
Then, from (1.3.3): 

U2 , , z1  k  k z1

 z1


k
2

1
z1


1

f
22

P ,  F 1 T


z1 k 

z1
, k 

z1
            (1.3.5)

where F 1 T


z1  is the inverse Fourier transform of T


z1 :

F 1 T


z1 qx, qy  1
2 

T


x, y; z1  x qxy qy  x  y                     (1.3.6)

If the object is at the front focal plane: 
1
f 

1
z1

=0                                                        (1.3.7a)

then:           U2 , , z1  f  k  k f

 f P ,  F 1 T


f k 

f , k 

f            (1.3.7b)

which is the equivalent reciprocal of the results above in section 1.2, Eq. (1.2.8b):
Here it is for comparison. From section 1.2, Eq. (1.2.8):

U x, y z f  k  k z

 z


k
2 z

x2y2
F 1 T ,  P ,  k x

z
, k y

z
     (1.2.8a)

 k  k f

 f 
k

2 f
x2y2

F 1 T P k x
f , k y

f                   (1.2.8b)    

Both involve the inverse FT of image pattern T x, y , differing only on the role of the lens aperture function 
P ,  .

As mentioned above,  k
2 z1

x2  y2  w2

 z1
 is supposed to be slowly varying only in this approximation. In fact, for 

ideal paraxial approximation, w2

 z1
 1, hence, the phase term 

k
2 z1

x2y2

does not play a significant role.

1.4 Focal plane input - Focal plane output 
Finally, what happens if we have the case below:

We simply use the result from 1.3 to obtain U2 and then, Fresnel diffraction to propagate the wave from U2 to U3. 
From Eq. (1.3.3):

U2 , , z1  k  k z1

2   z1



k
2

1
z1


1

f
22

P ,  T x, y 


k
2 z1

x2y2




k
z1

x y 
 x  y     (1.4.1)

With  1
z1
 1

f  0:

U2 , , z1  k  k z1

2   z1
P ,  T x, y 


k

2 z1
x2y2




k
z1

x y 
 x  y             (1.4.2)

LectSet 9 - Fourier optics and lens imaging_2.nb 13



We apply Fresnel diffraction:

U3 u, v, z2  k  k z2

 2  z2



k
2 z2

u2v2

U2 ,  


k
2 z2

2


k
z2
 u v        (1.4.3)  

Substitute (1.4.2) into (1.4.3):

U3 u, v, z2  k  k z2

 2  z2



k
2 z2

u2v2

k  k z1

2   z1
P ,  


k

2 z2
2


k
z2
 u v

T x, y 


k
2 z1

x2y2


k
z1

x y   x  y  

     (1.4.4)

We switch order of integration:

U3 u, v, z2  k  k z2

 2  z2



k
2 z2

u2v2

k  k z1

2   z1
T x, y 


k

2 z1
x2y2

P ,  


k
2 z2

2




k
z2
 u v




k
z1

x y 
   x  y

     (1.4.5)

We look at this term:

P ,  


k
2 z2

2


k
z2
 u v 

k
z1

x y                       (1.4.6)

which is:

P ,  


k
2 z2

2

 k  u
z2


x
z1


v
z2


y
z1                  (1.4.7)

It cannot be integrated in close form if include P[, ]. But if we can approximate that the lens is very large com-
pared with the object size, then P[, ] can be consider as 1 over the entire ,  plane. Then, (1.4.7) becomes:

 


k
2 z2

2


 k  u

z2


x
z1


v
z2


y
z1                  (1.4.8a)




k
2 z2

2

  s t                  (1.4.8b)

where:                          s  k u
z2
 x

z1
  ; t  k v

z2


y
z1

                 (1.4.8c)

This is the Fourier transform of 
k

2 z2
2

. Fortunately, we can perform this FT:




k
2 z2

2

  s t     2  z2

k 
z2

2 k
s2t2

   (1.4.9)

 Apply (1.4.9) into 1.4.5:

U3 u, v, z2  k  k z2

 2  z2



k
2 z2

u2v2

k  k z1

2   z1

T x, y 


k
2 z1

x2y2  2  z2

k


z2

2 k
s2t2

 x  y

  (1.4.10a)

   Substuitute (1.4.8c): 

U3 u, v, z2  k  k z1z2

2   z1



k
2 z2

u2v2

T x, y 


k
2 z1

x2y2




z2

2 k
k2 u

z2


x
z1

2


v
z2


y
z1

2

 x  y

     (1.4.10b)

 Expanding the exponent with u, v, x, and y:

U3 u, v, z2  k  k z1z2

2   z1



k
2 z2

u2v2




k
2 z2

u2v2

T x, y 


k
2 z1

x2y2




k z2

2 z1
2

x2y2

 k u x
z1
v y

z1  x  y

     (1.4.10c)

We see that all quadratic exponent terms are cancelled if z1  z2  f
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U3 u, v, z2  k 2  k f

2   f
T x, y  k u x

f
v y

f  x  y      (1.4.11a)

U3 u, v, z2  k 2  k f

2   f F
1 T k u

f , k v
f            (1.4.11b)

This is a most well known results in lens application and Fourier optics: the focal plane-to-focal 
plane field transformation is a Fourier transform (without any quadratic phase term), if the lens can 
be approximated as large compared with the object size. This has been used extensively for 
analog optical processing.

1.5. Model for image formation with two-lens equivalent.

1.5.1 Image formation
Suppose we have 2 lenses back-to-back as shown:

yxT ,rU

What we can do here is to apply Fresnel diffraction theory twice for each stage:
1- From the object to the 1st lens
2- From the 2nd lens to its back focal plane
For the first stage, we see that from Eq. (1.3.7b)

U2 , , z1  f  k  k z1

 z1
P1 ,  F 1 T


z1 k 

z1
, k 

z1
               (1.3.7b)-(1.5.1)   

where we use the function P1 ,   to denote aperture of the "first" lens. But now, this field is the input to the 
second lens. Therefore we can use (1.2.8b) to get the field in the second lens back focal plane, substituting z2

where appropriate:

U3 u, v  k  k z2

 z2



k
2 z2

u2v2

F 1 U2 P2 k u
z2

, k v
z2

                           (1.5.2)

where P2 denotes aperture of the "second" lens. Of course, both P1 and P2 are the same, and later we will just use 
one function for their product.
Here, substitute (1.3.7b-1.5.1) into (1.5.2)

U3 u, v  k  k z2

 z2



k
2 z2

u2v2

F 1 k  k z1

 z1
P1 ,  F 1 Tz1


k 

z1
, k 

z1
P2 ,  k u

z2
, k v

z2
   (1.5.3a) 

U3 u, v   k2

z2 z1
 k z2z1 


k

2 z2
u2v2

F 1 P ,  F 1 Tz1

k 

z1
, k 

z1
k u
z2

, k v
z2

      (1.5.3b)

Hence, the double Fourier transform shows that the image is reproduced but with a cut-off in frequency space 
because of the lens finite aperture represented by P[, ].

Explicitly, the double Fourier term:

F 1 P ,  F 1 Tz1

k 

z1
, k 

z1
k u
z2

, k v
z2

                       (1.5.4a)

LectSet 9 - Fourier optics and lens imaging_2.nb 15



 is:
1

4 2   
  k 

u
z2


v
z2 P ,   x  y  k x



z1
 y 

z1 T x, y 
k

2 z1
x2y2

Swapping the order of integration:

1
4 2  x  y T x, y 

k
2 z1

x2y2

  P ,  
  k  x

z1

u
z2


y
z1

v
z2  (1.5.4b)

We will call this function below "optical transfer function" of the lens:
1

4 2   P ,  
  k  x

z1

u
z2


y
z1

v
z2                      (1.5.5)

If P[, ] is 1 everywhere (infinity), then:
1

4 2   P ,  
  k  x

z1

u
z2


y
z1

v
z2   k x

z1
 u
z2

, k y
z1
 v
z2

  (1.5.6a)

and:

F 1 P ,  F 1 Tz1

k 

z1
, k 

z1
k u
z2

, k v
z2

  x  y T x, y 
k

2 z1
x2y2

 k x
z1
 u
z2

, k y
z1
 v
z2

 z1
2

k2 T  z1

z2
u,  z1

z2
v 


k z1

2 z2
2

u2v2

                                     (1.5.6b)

And from (1.5.3b), the image is ~ :

U3 u, v   k2

z2 z1
 k z2z1 


k

2 z2
u2v2 z1

2

k2 T  z1

z2
u,  z1

z2
v 


k z1

2 z2
2

u2v2

U3 u, v   z1

z2
 k z2z1 T  z1

z2
u,  z1

z2
v 


k

2 z2
1 z1

z2
u2v2

           (1.5.7)

which is essentially the object original transmission function with magnification factor  z1

z2
; the minus sign 

indicates the inversion. Infinite lens produces perfectly faithful images.

Thus: The lens is an anti-Fresnel diffraction device: the illuminated image (pattern) is blurred at a 
distance because of Fresnel diffraction. A lens (perfect) undoes that effect and reconstruct the 
original illumination image (pattern).

For finite aperture, we define:
1

4 2   P ,    k 
x
z1


u
z2


y
z1


v
z2  S k x

z1
 u

z2
, k y

z1
 v

z2
   (1.5.8)

which is the pointspread function (PSF) of the system. We also define:
1

4 2   P ,     qx qy  S qx, qy         (1.5.9)      

Then the image is:

U3 u, v   k2

z2 z1
 k z2z1 


k

2 z2
u2v2

 x  y T x, y 


k
2 z1

x2y2

S k x
z1
 u

z2
, k y

z1
 v

z2
 (1.5.10)  

which is obviously a convolution.
In FT space, this convolution is a product, hence we will see that the lens acts just like a hard (sharp cut-off) filter 
in the spatial frequency domain.

Calculate S for a circular aperture
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0

2 
  qCos  

If q   R, 2  J0 q  , Integrate  q  cos  , , 0, 2  , Assumptions q  R

1

2  0

a
J0 q    

a J1 a q

2  q

Hence:      1
4 2   P ,     p q  a2

2 
J1 a q

a q
 where a is the radius of the lens aperture. This is again the 

point spread function that we had earlier.

The image (1.5.10) is a convolution:

 k2

z2 z1
 k z2z1 


k

2 z2
u2v2

 x  y T x, y 


k
2 z1

x2y2 a2

2 

J1 a k x
z1

u
z2

2


y
z1

v
z2

2

a k x
z1

u
z2

2


y
z1

v
z2

2
 (1.5.11a)

Or:

 k2

z2 z1
 k z2z1 


k

2 z2
u2v2

 x  y T x, y 


k
2 z1

x2y2 a2

2 

J1
a
z2

k u 
z2
z1
x

2
 v 

z2
z1
y

2

a
z2

k u 
z2
z1
x

2
 v 

z2
z1
y

2
 (1.5.11b)

1.5.2 Delta-function transmission function
What if the transmission function of the object is a point, i. e. -function at some location {x0, y0}:

T x, y   x x0, y  y0                        (1.5.12)
Then:

U3 u, v   k2 a2

2  z2 z1
 k z2z1 


k

2 z2
u2v2




k
2 z1

x0
2y0

2
J1

a
z2

k u 
z2
z1
x0

2
 v 

z2
z1
y0

2

a
z2

k u 
z2
z1
x0

2
 v 

z2
z1
y0

2

  k2 a2

2  z2 z1
 k z2z1 


k

2 z2
u2v2




k
2 z1

x0
2y0

2 J1
a
z2

k uu0
2 vv0

2

a
z2

k uu0
2 vv0

2
                 (1.5.13)

which, we see is just the point-spread function (PSF) (as it is aptly named) at the corresponding location  

 z2

z1
x0,  z2

z1
y0  in the image plane. We will get the same result if the light comes from an emitting point 

source 
 k r

r .

1.6 Exercise: Uniform beam (input plane wave)
Exercise  Uniform beam (input plane wave)

Let Uin ,   be uniform and P[,] be a circle, what is the image pattern at the focal plane? From the above, we 
expect it to be similar to Fraunhofer diffraction of a circle.  
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1
2  P ,   2  p   q     1

2   2  s Cos     

where: s  p, q  1
 f x, y  and ={,} and  Cos[]= r . 

1

2  0

2 
 2  s Cos  

If s  R, 2  J0 2  s  , Integrate 2   s  cos  , , 0, 2  , Assumptions  s  R

2 

0

D 2
J0 2  s     . s

1

 f
r

D f  J1
D  r
f 

4  r

Or:    k  k f

2  f 


k
2 f

x2y2 D2 J1 r w
4 r D  f   k D2

8
 k f

 f 
k

2 f
x2y2 J1 r w

r w

Ufocal  
 D2

4  f
 k f 

k
2 f

r2 J1 r w
r w

J1 r w
r w  is known as the lens point-spread function (see next section).

where  w 
f 
 D

The ratio  f
D

 is define as a lens f-number. For example, f/2 means that the focal length is 2 times the lens aperture 

diameter. It is inversely proportional to lens numerical aperture: Sin[].
w is a measure of lens resolution (more later), hence, the lower the f-number the higher the resolution.

Manipulate f 104 ; 0.55 ; Di diam 10^4 ;
w f Di ;
ParametricPlot3D r Cos t , r Sin t ,

Di2 4 f ^2 w BesselJ 1, r w r ^2 , r, 0.001, 5 ,
t, 0, 2 , PlotRange All, BoxRatios 1, 1, 0.5 , Mesh False

, ParametricPlot3D r Cos t , r Sin t , Arg r2
f , r, 0.001, 5 ,

t, 0, 2 , PlotRange All, BoxRatios 1, 1, 0.5 , Mesh False ,
diam, 0.2, "Lens diameter cm " , 0.2, 2
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We define the spot diameter is where the intensity has its first zero:

r  . ;
FindRoot J1 r r 0., r, 3

r  3.8317

3.8317059702075125` Pi

1.2197

The beam waist w 
3.8317 f 

 D  1.22 f 
D  shows that the smaller the lens f-number: f/D, the smaller the waist, i. e. 

tigher focusing, which indicates the lens optical resolution.

The diameter of the spot 2 w  2 1.22 f 
D

2.44 f 
D

Compare this formula with Gaussian beam waist:  w 
 Sin 

 
 Tan 

, 

where  is the beam divergence:  Tan   D
2 f . Hence w 2 f 

 D  0.64 f 
D , 

Note that Gaussian w is at the point 1 and not at the full circle zero of the point spread function, hence it is ~half 
width rather than full width.
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