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Infinitesimal dipole:

KI <<1

Current model:

| 1l f‘/Az=I

J,

=

B AX Ay B AXAY Az
/ Ay AX

X



Define (1 AX  AX
Xe| — , T
P(x) =1 AX ( 2 2 J

kO otherwise

Then

J,(x,y,2)= (I P(X) P(y) P(2)
As AXx—>0, P(X)—> o(x)

Letting AX,Ay,Az — 0

3, (%, y,2)=(I1)5(x) (y) 5(2)

J)(x,y,2)=(11)5(r)

or



Maxwell’'s Equations:

VxE =-jouH 1)
VxH=J'"+jwe E (2)
V-H=0 (3)
V-:E=p,l¢ (4)
From (3):
1
H=—VxA (5
U

Note: g, accounts for
conductivity.

J'(x,y,2)=2(1) (r)

Note:

The Harrington book uses
H=VxA
Most references use

B=VxA




From (1) and (5):

VxE = jou| Z(Vx A

| H _
or
Vx(E+ JoA) =0
Hence the potential function. 11
E + JC()A =—-VO uniquely defined, even

though voltage is not.

or

E=-]JoA-VOD (6)

This is the “mixed potential” form for E.



Substitute (5) and (6) into (2): VxH =J'+ joe, E

le(VxA) =J'+ Joe |- JoA- VD]
7,

Vx(VxA)-kK*A=ul' - jous, VO
Use the vector Laplacian identity:
VZA=V(V-A)-Vx(VxA)

The vector Laplacian has this nice property in rectanqular coordinates:

VEA=XV A+ VA +IV*A




Hence

V(V-A-VZA-K A= pl' - jo ue VO
VCA+K*A=—pd' +[V(V-A) + joue, VO]

Lorenz Gauge: Note: Lorenz, not Lorentz (as in Lorentz force law)!

Choose V- A = — jC()/JEC(D

Then we have V2A+ szz—luli k? =w’ue,



Take the z component:
VZAZ T szz — _:u‘]zi

Hence we have

VA, +K* A, =—u(ll)o(r)

Note:
VZA +k*A =0
VA, +k*A, =0

SO

>
I



VZA, + KA, =—u(11) 5(r)

Spherical shell model of 3D delta function:

Z

The A, field should be symmetric (a function
of r only) since the source is.

In spherical coordinates:

5(r) = —
X Shell dra

s(r—a)

2

a+

Note: jé(g)dv = j5(£)47zr2dr=1
\Y

a



Assume A (r)=R(r)

For r#0 we have that V2A2+k2AZ:O

so that

ii(r d—RjJrk R=0

r<dr dr

\ }

|
V*R(r)
Next, let 1
_ = ZdR(r)_er _i

R(N=2h) = & - 2w Zhn)|

=rh'(r) —h(r)

10



We then have:

(rh'—h)+k? 1 =

1
r? r

I

(h'+ rh”—h’)+k22:0

 h"(r)+kh(r)|=0

- 2o

—

LS

—
r

Solution: h(r) = Ae " + Be™

We choose exp(-jkr) for r > a to satisfy the radiation condition at infinity.

We choose sin(kr) for r < a to ensure that the potential is finite at the origin.

(Recallthat R(r)=h(r)/r.)
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Hence

n(r) = Ae ™ r>a
| Bsin(kr), r<a

The R function satisfies

1d
redr

T

, R

dr

_j+k2R=—u(”)5(£)=—ﬂ(”) "o
drra
U
l[h"(r)jtkzh(r)]:—ﬂ(”) : o(r-a)
r Ara’

U

h"(r)+ k2h(r) = —y(||)4—;5(r ~a)

(r-a)
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We require

h(a*):h(a‘) (BC #1)
Also, from the differential equation we have
a a’ a’ 1
h'(r)dr+k* | h(r)dr=—u(Il) | —o(r—a)d
aj (r)dr+ aj (r)dr =—u( )!47za (r—a)dr

U

h’(a*)—h’(a‘)=—/¢(II)K161 (BC #2)

13



Recall

() = Ae ™ r>a
| Bsin(kr), r<a

Hence
Ae " =Bsin(ka) (sc#)

. : 1
A(—jk)e ™ —Bkcos(ka)=—pu(II)—
(—jk)e cos(ka)=—u( )47za

(BC #2)

14



Substituting AeJka from the first equation into the second, we have

(~jk)[ Bsin(ka)]- Bk cos(ka) = —y(u)#

Hence, we have

B = (1)

T
4ra| k( jsin(ka)+cos(ka))

From BC #1 we then have

oL e™sin (ka)
A—ﬂ(”)4na{k(18in(ka)+cos(ka))}

15



Letting a — 0, we have

A= p(ll)—

e’®sin(ka)

Adra

—w(ll)i

SO

k( jsin(ka)+cos(ka))

A= (Il

1

—h(r)

I

—~
“
~—~
I
A
—~
ﬁ
S~
Il

A

1 : 1 :
=~ Ae M=y (ID—e ™ (r>a
r 4 )47zr ( )
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Final result:
I -
/‘ ]' y
X J,'(x,y,2) = (1) (1)
Jkr
A = 1
A =2z 4ﬂ()

e~ — jkr

_ (rcos@ 93|n9) £

Note: Itis the moment Il that is important.



(a) Dipole not at the origin

| =<

18



(b) Dipole not in the Z direction

19



(c) Volume current

Consider the z component of the current:

dlt

— jk|r—r'|

_gldy A8

4z [r—r'| 4z [r—r

The same result is obtained for the
current components in the x and y
directions, so this is a general result.

20



(d) \(Olume, surface, and riidV (volume current density)
fllamental currents

J'dv —+ iis dS (surface current density)

I zd ¢ (filamentary (wire) current)

e =
ij J'(r") —dV" (volume current density)
Ay, r-r
P _ e—jk|£—£|
e J J.(r") —dS" (surface current density)
A 3 r—r

e—jk|£—£'|

i_“ Z(L’) 1'(r") d/" (filament of current)
C

r—r]

21



Filament of current (useful for wire antennas):

— JK{r—r
o] r-r

A(r) = ﬁ | a1y ——d?

r—r

|00

Note: The current I is the current that flows in the direction of the
unit tangent vector along the contour.

22



To find the fields:

H="VxA
U

E-— VxH
joe,

(valid for r = 0).

Alternative way to find the electric field:

E=-joA-VO

—JoA+-

1

joue,

Recall: V- A=—jous®
V(V-A)

23



Results for infinitesimal, Z-directed dipole at the origin:

E, :I—Ine‘jkr (izj 1+ |coso
27 r Jkr

L1 1
E g v 1+ —+
‘9 47z(’w”) (rj{ ik (ke

1 1 .
—(iKe ™| = ||1+—|sin @
1, 472(1) (rj{ jkr}

with 7=

2}sin@
)

24



d

Note: If the medium is lossy, there will be an infinite amount of
power dissipated by the infinitesimal dipole.

:% j dv (power dissipation inside of a small spherical region V, of radius &)
V,

1 e rn2r
=~ o[ [ [|E[r*sinodgdadr |

2 0% The N superscript denotes
1 e 7 2x that the 6 dependence is
Ea)g J'J"[(‘ 9‘ +‘E ‘ )r sinddgdadr suppressed in the fields.

000

Note:

T
o

sin@sinfdo =

T

[ cos20sin@do =

= 00 0

N
—_—
H
+
—~
N
N

N
N—
O ey
7\
ﬂwlp
N
—
N
o
-
wln wlbs
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Far-field of dipole: (|Kr|>>1)

E =0 (behaves as O(r—lzjj

Note that

E, ~(||)(

H ~(||)(

Arcy

je K sing

K je Ksing
Ay

The far-zone field acts like a
homogeneous plane wave.

K=kr, r=rr, k-r=Kkr

26



Prad

1

=§Res{<§xﬂ*>-£ds
:%Rej E,H; dS
_—Rej|
27w 7w
=% ££|E | r’sin@dadg

:_7TI|E9|2 r’singde
0

The radius of the sphere is
chosen as infinite in order
to simplify the fields.

We assume lossless media
here (77 is real).

27



or
T

2
P =—(||)2(ﬂj [(sin?6)r*singdo
4 0

Arcy
2 7
4 WH . 3
=—(||)2(—j sin°@déo
A7 -(‘;

4

Integral result: jSiﬂB 0do = %

Hence 4 =(1)? (47[) (%)
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Simplify using @ =Kkn

el

rad 1272_

or

2 477277

Then Prad :(II) EISE
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We then have

Note: The dipole radiation becomes significant when the
dipole length is significant relative to a wavelength.
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We do not need the potential function in order to calculate the
fields, but we can obtain the potential function if we wish.

E=—JoA-VD Needs®

Recall: V- A=—Jous, ®

E=—JoA+

. vV (V A) Does not need @
Joue,

Another form: J'=0 (away from the dipole)

E =- 1 VxH —— 1 g/' (from Ampere’s law)
joe, joe,

1

- joue,

1 /
VX(VXA)— 3 )Z/ Does not need @
Joeg,

31



The potential function is given by:

(D(r) :J‘ p\i/ (L’) e—jk|£—£’| dv’
g Ane r—1|

where

V-3'=—jwp,(r')

(This is left as a HW problem.)

Note: The potential function is uniquely defined, even at high frequency, but

voltage is not. In statics, potential = voltage.

32



J'(r")




=[(x=x) +(y-Yy) +(z- z’)z]ﬂ2

y
::(x2+y2+zz)+(x +y? 47 )—2(xx’+yy’+zz’)]
+

Use Taylor series expansion: 1+ X ~ 1+§—1x2 +

1/2

34
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Far-field point
(at infinity)

F=X(sin@cosg)+y(sin@sing)+Z(cosé)

36



Using this approximation, we have: |£_£' ~r—r'-f
i e_jk|£_£l| e_jkr i s
AN = [ (XY 2) e dV = e [ () €2V
4r r-r 4rr
Define: e_jkr

k =k = X(ksin@cosg@)+ y(ksindsing)+Z(kcosd)

(This is the k vector for a plane wave propagating towards the observation point.)

and |
§(9’¢)E."il(£1)eﬂk.fdvr
V

37



The we have

where

a(0,¢) = [3'(r)e " dv’

k-r'=x'(ksin@cosg)+y'(ksindsing)+z'(kcosd)
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a(d,¢) = jll (r'Ye" gV’  “vector array factor’
Y

Denote
k, =ksin@cos ¢
k, =ksingsin ¢
k =kcosd
Then
a(9¢) IJ (X y Z)e kx+ky+kz)dv’

The vector array factor is the 3D Fourier transform of the current.
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We next calculate the fields far away from the source, starting with

the magnetic field.

H-1vxA

u

In the far field the spherical wave acts as a plane wave, and hence

V ~—jk=-jkr
We then have 1

H=—(-Jk)(ExA
(i)

Recall Hence
H _
A~| = 0, H==
A-[Llv(aes)  H=

40



We start with

H ~ K

B~ ——(Fxa(8,9))w(r)

The far-zone electric field is then given by

Joe,

Jowe,

Joe,

~ jo Lo (2x(Exa)

41



We next simplify the expression for the far-zone electric field.

Jw( yin jw( *(Exa(0.4)))
=—Jw(4ﬂ jwa (6,9)

Recall that

A(r) ~ (:;jw(r)é(&qf)

Hence

E ~ - oA

42



Hence, we have

E~—-jwA(r.0.4)

Note: The exact field is

E=-]JoA-VOD

The exact electric field has all three components (r, 6, ¢) in general,
but in the far field there are only (6, ¢ components.
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Start with

=—££f{
A\~

)
“jouy 1 (4n) |)”

(fx E) or

i

7

T

jt//ét (60.9)

Simplify using

44



E~—jowA(r,0,¢) Yooy oass

A(r,6,9) ~ﬁw(r)g(e,¢)

yn=S2 a0.9)=[1 (e Hrav’

H - =(FxE)

J

K-r'=kx'+k,y' +k,z’=(ksin@cosg) X'+ (ksindsing) y'+(kcos9) z’
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To specialize to any dimensionality, we have:
a(0.¢)= 1 (e dv’
V
a(6,¢) = | Ji(r") e ds’
S

a(0,¢) = [ £L(r)1(r)e rde

46
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2\
—f ‘EHZ ‘E¢ - H
— |2 2| |2y
J
Assuming a lossless media,
2
—f ‘E9‘2+‘E¢‘ —f ‘Ez
-\ 2n 2n ) |\ 2y

In a lossless medium, the Poynting vector is purely real

(no imaginary power flow in the far field).
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Antenna
(in free-space)

D : Maximum diameter

How large does I have to be to ensure an accurate far-field approximation?

The antenna is enclosed by a
circumscribing sphere of
diameter D.

49



A\ 2
L oreo1(r'r 1
r-rl=r-r i+ —- 0 o =
2r 2 r r
- /) \
Error
Let Ag = maximum phase error Neglect
in the exponential term inside
the integrand.
i 12 I ¢ 2]
r 1(r-r
Aok LD
2r 2 r
| —Jmax
Hence , ,
/
A < kot?|_ ky(D/2)
21 21
max
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3r
Set
7T
AP =3 [rad] (22.5°)
Then
kD* =«

51



I

_k,D? 27zD* 2D*

T

Hence, we have the restriction

AT

A

0

“Fraunhofer criterion”

52



Note on choice of origin:

The diameter D can be minimized by a judicious choice of the origin. This
corresponds to selecting the best possible mounting point when mounting
an antenna on a rotating measurement platform.

D = diameter of circumscribing sphere
D, = diameter of antenna

Mounted at center

D =2D,

Mounted at edge

53



It is best to mount the antenna at the center of the rotating platform.

Platform (ground plane)

Antenna

Rotating pedestal

54



[A\

Wire antenna in free space Y +h

t1@)

y

—/ 'h

X

’

Z

Assume |(z') = Iosin[k0 (h —

)




Hence

a0.4) = [1'(r)edv’

J'dv'— 2(1(z')dz")

+h
a(0,9) =1 1(z)e " dz
~h

+h

. 2“‘ I(Z,) e+j(%’kosin9c05¢+/’kosiné?sin¢+z’k0cos@)d
h
+h _

_ 2“‘ | (Z’) e+Jz(k0cosé?)dzr

—h

ZI
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!

Z

a(o,4) = z]h Iosin[ko (h- )]e“'Z’“oC“@)dz'
~h

The result is

§(91¢):2(2|0)|:

cos(k,h cos @) —cos(k,h)
k, sin® @

Recall that
: - | Ho
E~-JoA ~ —me—jw(r)@t(ﬁ,qﬁ)
7T

For the wire antenna we have

N

8,(0.9)=0(0-(2a,))+¢(¢2a,))
=é(—sin 0)a,
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E~~Jo| f;j(er° ][é(—sine)az(e,qﬁ)]

[ e—J'kor \

amr /az (6.9)

/ e_ jkor \

cos(k,h cos @) —cos(k,h)
k, sin® @

\ Ay /(2I0)|:

W,

0

Next, simplify using

:770

58



We then have

A e 1"\ [ cos(k,h cos @) — cos(k,h)
E~O | : 0
E~0(im) O(an)[ siné

Note: The pattern goes to zero at =0, .
(You can verify this by using L'Hopital’s rule.)

|
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P

rad

2 T

J‘ j|E6,|2 r’singdodg

2770 0 0

=—(27z)r2” E |*sinodo
211, '(‘;| 0|

_(_

|

ﬂ\

o )

7T

o )

rZ]T'|E9|Zsin¢9d<9

i (5) (1]

cos(k,hcos &) —cos(k,h) i

sin @

} sin@d g

60



or

,( 1, \ ¢ [cos(k,hco
=1, o j
7 0

S,H)—c:os(koh)]2 »
sin @

61



p 12}l
rad 0(47[)_([

cos(k,hcos ) — cos(koh)]2 '

Circuit model of antenna;

—

(o)

>

1 (0)

X

in

sin @

1
I:)rad — E Rin | | (O)|2
2P

rad

Rin = 2
1(0)

0
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R.

In

1(0) = Iosin[ko(h—/

)

= 1,sIn(k,h)

:( j(sm(k h)] f

A/2 Dipole: h = &,

A

(resonant)

[cos(k,hcos8) — cos(koh)]2 i

sin@

=2 =) R, ~73 [Q]
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7 A small loop antenna

a(0,¢) = [L(r) 1(r")e  cd

SO

a(0,4)=1,[¢' e ady

K, X’ +%y’ + k/: k,asin cos ¢’

k-r’

(The far field does not vary with ¢.)

a << A,

(The current is approximately uniform).

:>|(¢)z|0

Assume ¢=0: E,=E,

kK, =K,sIné@
k, =0

X'=acos¢’
é’-)?:cosqﬁ’

64



z Hence

27

3. —a _ Io j’ COS ¢r ejkoasinecos¢'ad¢r
0

9 y ‘¢=0

Assume ¢=0: By symmetry, we have a =0

The x component of the array factor cancels for points ¢ and -¢.

At ¢ =0:

65



27
Identity: ICOS¢’ e"*’dg' = j27J,(X)
0

X =k,asin g

Hence

a, =(j2r)ald, (k,asing)

We then have

(j2r)al,d, (k,asing)
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~ — Jkor
E = ¢(a)y;alo)(e le(koasin 0)

I

Approximation of Bessel function:

The field can be thought of as
coming from a small vertical
magnetic dipole, as we will

X
J,(x)r=, x<<1
2 discuss later (from duality).

The result is then Kl = jau, (;zaz ) l,

A 2 — jkor
gz¢(w“°kja Ioj(e ]siné’
- I

67
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