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Reciprocity Theorem

Consider two sets of sources, radiating in the same environment.
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Note: The same “body” (dielectric or PEC) exists in both cases.



Subtract:
" (VxH*)-H® - (VxE") = “+ jos E°-E°

+H*M® + jouH®-H°




Vector identity:

V-(ﬂaxgb):Eb-(VxHa)—Ha-(Vbe)

Hence,

V-(H*xE’)=E’-1" + jws E’-E’

+H* M" + jouH®-H°

From duality (or repeating derivation using Faraday’s Law for “a@”
and Ampere’s Law for “b”) we have:

~V-(E*xH")=H"-M" + jouH"-H"

+Ea'iib n ja)gCEa °Eb




V- (H*xE°)=E"-J" + jwe E"-E*

+H* M" + jouH®-H"

-V (E*xH") =

H”-M" + jouH’ - H*
+E*- 3" + jos E*-E°

Multiply first equation by -1 and then add:
—V-(H*xE’)-V-(E'xH")=-E’-1"-H"-M"
+H”-M"+E*-J"




—V'(ﬂaXEb)—V°(EaXﬂb)=—Eb°Jia—Ha°Mib

+Hb°Mia+Ea°iib

Reversing the order of the cross products in the first term on the LHS,

V'(EbXHa—EaXﬂb)IEa°Jib—Ha°Mib

—Eb°lia+Hb'Mia

Next, integrate both sides over an arbitrary volume V and then apply
the divergence theorem:
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Now letS— S_

In the far-field, H ~ 1(ﬁxg)
n

Hence

(E° xH® —E*x H?) ~ 2 E"x (F xE*) ~E*x (F xE")
Ji



(beﬂa —Eaxﬂb) ~£[Eb x(FxE")—E" x (T x Eb)]
7

Now use a vector identity:
Ax(BxC)=(A-C)B-(A-B)C
So,
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Hence (J‘D(Eb x H° —Eaxﬂb)-ﬁds —0
S

Therefore,




Final form of reciprocity theorem:

I(Ea°lib—Ha°Mib)dV ZI(Eb'iia—Hb'Mia)dV
V

Vv

LHS: Fields of “a” dotted with the sources of “b”

RHS: Fields of “b” dotted with the sources of “a”
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Define “reactions”:

<ab>=[(E*-J°-H* - M")dV

<ba>=[(E"-J*-H"-M"™)dV

hen ~ab>=<ba>
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D=¢-E
B=u-H
gxx gxy gxz :uxx :uxy :uxz
g — gyx gyy gyz ﬁ — ll’lyX ll’lyy Il’lyZ
_gzx gzy gzz | _zuzx /uzy luzz |

If &= &; and y; = 1 ;; (symmetric matrices) then reciprocity holds.
These are called “reciprocal” materials.



Some Basic Observations

» To make the reciprocity theorem useful to us, we usually choose the
“b” current to be a “testing” current or “measuring” current.

» The “b” current thus allows us to sample a quantity of interest.

» This allows us to determine some property about the quantity of
interest, or in some cases, to calculate it (or at least calculate it in a
simpler way).
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d sources

ib Is a point dipole
4 J°=po(r-r,)

b source

Recall: §(r) is a 3- D delta function.
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d sources

<a,b>=j§a-gbdv
V

C B J%is a1A filament

1Al

\AI

AV AS =base area

A

A b source
ib = I ‘]|b

PR

|E"-ldi [3Pdv =3 dsAl=1Al=Al

C AV AS

E"-dr

c

— VAB We sample a voltage drop between two points.
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d sources

Mb Is a 1A filamentary loop

D source

K=1
( — D

C |

A wire is present as part of the "environment."”

<a,b>=j—ﬂa-Mbdv
V

There is no displacement

_Kjﬂa.i:d| Note:
C

current through the loop
if it hugs the PEC wire.
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Two infinitesimal unit-amplitude electric dipoles

Z
' Z J5=26(r-r,)
r ' b .
] r 3"=25(r-r,)

<a,b>=<b,a>

J'Ea.ib__a%dv:J‘Eb.la_ﬂb./wdv
\ \

E2(r,) =EZ(r.)
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Two infinitesimal unit-amplitude electric dipoles

Z
b, .A
r, J =X

| ><>
5

<a,b>=<b,a>

J'Ea.ib__a%dv:J‘Eb.la_ﬂb./wdv
\ \

E;(r,)=E;(r.)
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The far-field transmit and receive patterns of any antenna are the same.

Transmit

LI
N\ E ()
Measure E (with I fixed)

w
Pp=60or ¢

T(0,9)=E(r,)
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A unit-strength plane wave is incident.

k =k, [Xsin 6 cos ¢+ ysin 03in¢+2cos€]

R(O,4) =V "
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Next, define two sources:
Il =1

0

J

" = dipole in P direction

or ¢

|C_|
=

O

D
o>
1D >

We apply reciprocity between these two
sources, keeping the antenna present.

J* =1[A] filament

The antenna (and feed wires) is the “body.”
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E° =1 The field E? is the field

o produced by the 1[A]

feed current exciting
the antenna.

0

>~ = _ a ib
LA <a,b>_\J/'§ JPdv

: JE* [ p(r—r,)dv

The antenna is the “body.”

E(r)

Note: The black color is used to show where dipole “b” is, even though it is not radiating here.
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Hence, we have

<a,b>=T(6,¢)
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The field EP is the field produced
by dipole “b” in the far field.

<b,a>=j§b.g‘adv

jg Ldi=[E" dr
C

YA

0

2o
4 -

=1

Dipole “b”

The voltage V? is the open-circuit voltage due to a unit-amplitude dipole

in the far field.

Note: The black color is used to show where filament “a” is, even though it is not radiating here.
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As I — oo, the incident field from dipole “b” becomes a plane-wave field.

Z
[ Local coordinates (for dipole “b”)

F‘f’_'_ __________________ SR 'E

We need to determine the incident field E from the dipole:

| o>

1D >

Arr

let p—>2  E~ ’(Mje‘“sine’

’ T A JC(),LIO —jkr - Ja)luo —Jkr
9 = — E ~ 9 — (€ —
2 >0 _ _(47zrj —p( 47[!‘)
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Define

E = (‘ja)ﬂo jejkr
Ay

Local coordinates (for dipole “b”)
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The incident field from the “testing” dipole thus acts as a plane

wave polarized in theE direction, with amplitude E, at the origin.

Hence

(b,a)=V"=E,V™ =E R(6,9)
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Summarizing, we have:

<a,b>=T(6,9¢)

<b,a> =E,R(6,4)

From reciprocity:
<a,b>=<Db,a>

SO

T(60,4)=E,R(0,9)
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Hence, in summary we have:

T(6.4)=R(0.9) (_j%je’“

The shape of the far-field transmit and receive patterns are the same.
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Reciprocity in circuit theory

|
|5 i Point 1 Point 2 21

V, V,
V1 V2 l,, = current at location 2 produced by V,
| 21 |12 |, = current at location 1 produced by V,

Note: If V, = V,, then the result becomes I, = I,;.
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Magnetic frill modeling of voltage source

)
()

— I ,

O > @ . —> %P )

K =-V

K is the amplitude of the magnetic frill current that flows in the positive ¢ direction.

31



AVAVAV, AVAVAV.
I 51
12
a b
C, C,
NN———

The sources (a and b) are the magnetic frills; the “environment” is the circuit.

<ab>=[-H*"M"dV =—K, [H*-IdI =V, [H" -IdI =V,],,
C2 C2

\Y

<ba>=[-H"-MdV =—K, [H’IdI=V,[H"-IdI =V,
C, C,

\Y

From reciprocity: <a,b>=<Db,a>
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Hence

V2|21 :V1|12

or

33
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