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*» In this set of notes we derive the far-field pattern of a circular patch
operating in the dominant TM,; mode.

** We use the magnetic current model.



Circular Patch: TM,, Mode

Y

E (p,p)=AcosdJ, (kp)

ka=x/, =1.841

The cos¢ corresponds to a probe on the x axis.




Magnetic current model:

M, =E. (a,p)=Acos¢J (ka)

Choose A=

J (k) My =008

(VO =—h [V] at patch edge on x axis)



Reciprocity setup:

d

N2 (p=dorg)

(shown for p = é)

_px




Far-field:

E™(r,0,8)=<a,b>

=<b,a>

S

.Hg,w (p',¢',

[H™ M dS

27ZJ‘0 pr(
1 a
0o Jon ¢ ’

E™(r,0,0)=

pw
H b

z') cos¢'dS’

M= Geos

The primes here denotes
source coordinates.

¢',2') cosg' adz'dg

j jfﬂva¢zym@a¢u¢

= H™ (—sin ¢')+H£W (cos¢’)




Inside the substrate we have (see Notes 10):

kxx'+ky

HE (x5',2") = H2(0.0,0) /) [see (k) cos k., (2 4)]

(k., = k,N,(0)) N, (6)=\Jn? —sin* (6)

nl = gr/'lr

The exponent term may be put in cylindrical coordinates as follows (o' = a):

kox'+k,y' = (kysin@cosg)(acosg’)+(kysinPsing)(asing’)
= ko asin@(cosgcos ¢’ +singsing')
=kysinfcos(¢' - ¢)



Hence, we have:
Hg,w =H™ (—sing’)+ HYY (cos¢')

|:> Hg'w = sec(kzlh) COS kzl (Z' 4+ h) ej(koa)sinﬁcos(¢'—¢)

-[—sm ¢ HP (0,0,0) +cos ¢'H™ (0,0, 0)]
Since the horizontal magnetic field components are modeled as current in the TEN, we have

H™ (0,0,0)= H™ (0,0,0)(1-T(9))

p=60:TM, p=¢:TE



H™ (0,0,0) =

H™ (0,0,0) =

(cosOcosg)

(cos@sing)

™

z

Infinite substrate

]

TE

z

Infinite substrate

]



TMZ (p - Q) H;}W =sec(k,,h)cosk,, (z'+h) ey o)

.[—sin ¢ HP™ (0,0,0) +cos ¢'HP™ (0,0, 0)]

ipw _ Eo : ipw _ Eo
Substituting for H, and H,, we have: H; (O,an)—n—o(m(ﬁ) H, (0’0=0)—,7—0(—COS¢)

HYY =sec(k, h)cosk, (z'+h)e’ (koa)sin G cos(¢'~9) (&

p ][—sin¢’sin¢—cos¢'cos¢](1—FTM(H))
Mo

]

Note: [— sin @' sin ¢ — cos @’ cos ¢] = —COS (¢’ - ¢)

E, (r.0.)= _[ _[ H}" (a,¢',z") cos¢' adz'dy'
Hence, we have:
EgF (I” o ¢ J>27ZJ-O ﬂSCC(kzlh)COS kZI(Z,'l_h) ej(koa)sinecos(¢’—¢)
Mo

: (1 —r'™ (49)) (cos(¢'—¢)) cos¢’ adz'dy’
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For the Z' integral we have:

sec(koh) [ cosk,(z'+h)dz' = htanc(kih)

so that

et ¢"=¢'—¢

)

EgF (,,, 0, ¢) S [ j htanc(k,h) (1 _T™ (9)) [qTM

o

where
]qTM _ j()zﬁ /1) (g (¢'—¢)cosg'dg’

q = (k,a) sin 6

then I;M _ J._Z:_qj ¢/1%%%") cos (¢")cos(g"+¢)dg"
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We have that
cos(¢" +¢)=cosg” cosg—sing”sin ¢

and -"_2;5_¢( )d¢rr:J'027T( )d¢”
so that

[;“M J-zﬂ ejqcos(¢") COS(¢”)COS(¢”+¢)CZ¢”

0

— 2z jgcosg"” 2 g r
—cos¢j0 e cos” @'d¢

2 .o
—sin ¢j0 " e gin ¢" cosgd'dg"

Integrates to zero
2 g T (odd function)
Nowuse cos" ¢ =1—sin’ ¢
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I™ =cosg jj”emww"dw —cos ¢ joz” e sin® ¢ d "

Now we use the following identity:

27 jgcosg” _:. 2n g1 r
Jy € sing"dg" = J,(q)

2"+1\/;F(n +;j
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Hence
27 . "
jo e dg" =21 J,(q) (n=0)

T J
and J‘Oz e]qcos¢ Sin2 ¢”d¢” — [ 1(Q)] (nzl)

q
and thus
I} =cos <2n>{fo<q>— d I(Q)}
q
Next, use
, n
Jn (x) = Jn—l (x) _; n (x)
so that
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Hence, we have:

IqTM =2mcosdJ/(q)

The far field is then:

£y

EgF (r,0,¢) = a( e

jhtanc(kzlh)(l—FTM (9))1qTM

E, (r,0,4)= L (ah)tanc(k,h) Q(0)|27 cos ¢ J|(k,asin0) |

o

where

0(0)=1-T""(0)
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E (r,0,4)= j j HY (a,4,2") cos¢' adz'dg’

Hg,w (a,¢', z’) = sec(kzlh)cos k, (Z' + h) ¢/ ko@)sindcos(¢'~¢)
Performing similar steps for the TE, case, we have: [ =sing' HP¥ (0,0,0)+cos ¢'H?* (0,0,0) |

HY (a,¢',2") =sec(k,h)cosk, (/= h)(1-T"" (0)) e’ oete?)

H?(0,0,0)= [—Oéji =ﬂ(cosﬁcos¢)

Mo o
E . ] 4 .
: (—0 j [—sing’ cos @ cos ¢+ cos ¢’ cos Osin ¢ H™ (0,0,0)= (3 é]-ﬁ =20 (cos sing)
Mo n

Using reciprocity and performing the integration in z’, we have:

E¢FF (r,0,¢) = a[

ﬂ] (h)tanc(k,,h) (1 - (9))

N

.cos @ Jjﬁ /1 gin (¢'—¢) cosg'dg’
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Evaluating the integral, we have:

21 Lo
1" = O © gl #-9) sin(¢'— @) cos@'dg’
27 jgcosg' - r r r
=| e sing" cos(¢" + ¢)d¢
27 jgcosg' - r r . rn r
=| e sin "' [cos ¢" cos g —sin "' sin p|d ¢

_ 27 jgcosg' - r r r . 2z jgcosg" . 2 g1 r
—cos¢j0 e sin@’' cos@ ' dg —s1n¢j0 e sin” @' d¢

integrates to zero

J1 (q)j (odd function)

= —sin ¢27z(
q
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Hence, we have:

J, (k,asin0)

E; (r,0,¢)= ﬂ(ah) tanc(kzlh){—sin ¢ 27[[

Mo k,asin 0

where

P(0)=cosO(1-T"(0))

o
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E, (r,0,9)= L (ah)tanc(k_h) O(0) 27 cos ¢ J!(k,asin O)

T
E , J. (k,asin @
E;’ (r,9,¢):—n—z(ah)tanc(kzlh)sm¢ 27{ ll(coc(;siné’ )JP(H)

where  P(@)=cosO(1-T™(0))  Q(@)=1-T™(0)

1_FTM(0): N 5 I_FTE(H): 92
[ N,(@)sec [ u.cos
1+][ . )tan(koth(é?)) 1+]£ 'UNI(Q) jtan(kOth(Q))
E, = —jou, ok k. =k, si.n:9c:f35¢ k. =k,N,(0) n :\/E
Ay ky :kO Sln981n¢ Nl(e)z\/nf—sinzﬁ

Assumption: E;’l =cos ¢’
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