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In this set of notes we discuss the CAD circuit model of the microstrip antenna.

» Discuss complex resonance frequency

» Derive formula for O

= Derive formula for input impedance

» Derive formula for impedance bandwidth
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The circuit model is justified from the eigenfunction method in the cavity model, discussed later.




Transverse Resonance Equation (TRE):

Y =-Y

The complex resonance frequency is denoted as «,.



TRE:
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The complex resonance

L C _ v frequency is w,.

RPN -
- W, =, + J,

In the time domain: v(l‘) — Re(V e]wot) (Assume phasor voltage 7 = 1)
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v(t) = Re(ej wéte_”("") =e ™' cos(wjt)
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For the capacitor:

i(f)
Ly C -

U, ()= Lo (1)
~ W) 2

- %Ce‘z“’g’ cos’ (ayt)

For the inductor: [ =

Therefore,

i(t)=Re(Ie"™ )~

(Assume V'=1)
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i(7) + U, (t)= ELiz(t)
L C :: V(f) zlL( { jezw{;tsinz(a)(;t)
2 oL
' 1

= Ece-za’é'f sin” (wjt)

Note: < UE (t) > =< UH (t) > :ice—Za)o"t

Also, note that U (t): U, (t) +U,, (t) _ %Ce—2a)6't



Hence, we have:

U, (1) =U(0) e

Us(?)

\
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2| Uy
T\U,/T

U, = stored energy

UZT) = energy dissipated per cycle

Us

_
or Q = pave
D

P = average power dissipated

(This includes radiation loss.)

13



Power dissipation in circuit:
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We then have:

O =w,RC = 1’(RJ:R ¢
) L

Recall that w, ~

Hence
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j Next, put this in terms of Q.
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We can thus write

V(1) = e{;gjt

cos (¢ )

U, (1) = Uy (0) e-(‘é"}
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The probe inductance is
neglected here.
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We can write this as:

ZRLC —
1+j[a’,(a)(;RC)—

Then we have:
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where  f, = 2—0
T

(real resonance frequency)
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Define:

1
F=f ——
4 I

Hence, we have:

R
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Define:

We then have:

—
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Frequency domain:

Normalized frequency (x) domain:

RLC
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‘x‘ S—SWR—HF
Va4 +x° B 1=

Bandwidth definition is based on SWR < §,

=

(The value S, is often chosen as 2.0.)




fo— /i
Jo

Fractional (relative) bandwidth: BW =

= fro =S

Recallthat x=QF = Q(fr _fij

We can solve for f. in terms of x:

1 x
fim=o = -
VAR
SO X, x2+4
fr=Q Q



To determine correct sign, enforce that

x—0, f —1

(Therefore, choose the plus sign.)

—+, -5 +4
Hence f 0, 0,
a 2
X xz
Q°+ Q02+4
Therefore 1, = ;
2
X X
-2+ 2 +4
Q0 \0
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Hence, BW=/f,6—f, :x—QO

Now we need to solve for x:

< :l-l— FO <o ‘FO‘:SO |
" 1L, S, +1
Also ‘F‘ = ‘ ‘ ‘F ‘— ‘XO‘ %o
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X, S, —1

Ja4+x 5 +1

) 2
Xo  _ S, —1
4+x; | S, +1

Thus, we have  4A+x A= x,

Therefore

SO
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or

X, (1—-4)=44
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The solution is:

XO :21,%

A
S, —1
S, +1

=2
2
1 S, —1
S, +1

S, -1

=2
J(S, +1)

{3

’ _(So _1)2

Recall: 4 = (

S, —1
S, +1

T
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Hence, Xy =

We then have BW = (

For S, =2 we have:
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Assume S, =SWR =2.0

SWR -1 1
—  =Bul=ggr173
201log,, |S,,|=—9.5 [dB]

S| ([4B])

-9.5 -
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(This will be derived in a HW problem.)
A = fres = o

X T NN\
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Outline of Derivation of Formula for Af

Define Xp = Xp /R

In terms of the normalized frequency variable x, the resonance frequency f.

s Where the input impedance
is purely real, corresponds to

1-/1-4X7 o o
B (This will be derived in a HW problem.)

p

f X, <<R then x,=X,

(This follows from a binomial expansion of the square-root term in the numerator.)

2 2
X
Recall: fr:Q © . f.=111 —> [ = 0 2 z1+%z1+—” (¥ <©Q



At the resonance frequency, the input resistance is then:

— 1 R

R —_ - R.res _
RLC 1 2 :> in 14 X2

1cs

+ X

—>

Rirrfs ~

34



Note that the probe reactance changes the input resistance at resonance.
Given a specified value of the input resistance at resonance (e.g., R =50 Q), we wish to solve
for the corresponding value of R.

Note that the CAD formula for resonant input resistance (in the short-course notes) gives us the
value of R in terms of the feed location.
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2

X
Tosolve for R,use  R=R"+R™ [135

Zero iteration: R=R>

First iteration:. R=R" +[

Second iteration: R

2
Xp
res
Rin
2
_ Rres 4+ Rres Xp
~— *Mn in ) 2
Rres Xp
in + res
R
n

] and solve iteratively:

RY = R, +R, [

2
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