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* In this set of notes we calculate a CAD formula for the directivity, gain, and efficiency of
the circular patch, which is accurate for a thin substrate.

< The formulas are based on the CAD formula for @, that was derived in Notes 19.



We have:

Sr(r,0,¢) o [|E0| +‘ ‘ }

From Notes 17:

E, (r, o, ¢) = % (ah)cos ¢ tanc(k_h)Q(0) 27 J|(k,asin 0)

E,(r,0,¢)=- . (ah) sin ¢ tanc(k_,h) P(0) 2z J,, (kyasin6)

Assumption:

E (a,¢)=cos¢



We then have for the numerator:

2
47178, (r,0,0) = 4zr” — ("0’70 1} (ahY (27)

2n,\ 4xr n,
-tanc” (k. 1) [cos2 $0(0) I (kyasin@)+sin® p|P(0)[ J2 (kyasin 9)}
Simplify:
: ) U (ktfy 1), 2 s
Ay Sr(r,<9,¢)—47r/2 2 (4%/%()} (ah) (2%)
tanc’ (k_ ) [cosz 80(0) J7* (koasin ) +sin’ g|P(8)[ J2 (kyasin 9)}



We thus have for the numerator:

47r° S, (r,60,4) =——(kya)’ h* tanc® (k.,h)

N

[ cos |0 () I (kyasin0) +sin® g|P(0)] I3, (kyasin6)|

We now let 8 — 0 to calculate the numerator of the directivity expression.

As x > 0:

>0 = x>0 |

J{(x)—)—

(x =k,asin ) 2
Jinc (x): Jl ()C) _)l




Hence, we have:

47 S, (r,0,0) = é(koa)z 1 tanc® (k) [(1)@(0)\2 +si ¢\P(0)\Z]

where

2cos

1+j( 4. cost

P(@)=cosf(1—- 't (0)) =
9 Jtan(koh N,(0))

1

; N,(O)sect
g}"

0(6)=1-1"(0)- 2
1+ ( jtan(koh N,(0))

We then see that




We then have that:

47r* S, (r,0,0) = gl(koa)z 1 tanc? (k1) [0 (0)
Ty

where

2 4

o(0)f = IJ{M ]tarf(klh)

81"




Hence, we have: - -
T 2 59 2 4
—(kya)” h* tanc® (k,h)

e 1+ ('u”jtanz (k)

4rr Sr(r,O,Q)z

E

r

For the denominator in the directivity formula, we have from Notes 17:
T
P, =——(kya) W1,
81,

— é(koaz)2 h I,p.



Hence, we have: i |
Si(koa)z h* tanc® (k,h) !
T 1+[“r jtanz (kh)
&
D(0,0)= = ” -
= (kya) B I,p
8770 0 0L7¢
Simplifying, we have:
4 tanc” (k1)

D(0,0)=

p. I, {1 +(‘g‘ jtanz (klh)}



Since we are assuming that 4/ 4, <<1

4

D(0,0) =
pc [0

For the /, term, we have from Notes 18 that

Hence D(0,0)= £

P,

R

W [ &
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We then have:

3
D(0,0) ~ —
P.
where
e, =1
e, =—0.400000
6
D~ Z(koa)zk e, with e, =0.0785710
k=0 e, =—7.27509x107

e, =3.81786 x107"
e, =—1.09839x107
e, =1.47731x10""

1



The gain of the patch is related to the directivity as:

G(0,0)=D(0,0)e,

where

r Q Note:
Sp CAD formulas for all O’s have now been
derived, except for Q.

and

1 1 1 1 1
=—+—+—+
0 o, O 0, 9,

CAD formulas for all of the Q factors were presented in Notes 3.
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From Notes 1:

€ hed
— r SW €
st Qsp SW € =¢€
1- r
hed 1
e,, = 3

RY/4 1 1
L+ (kh)| 25 | | 1-— i
(O)(4j/urcl I/llz

(This will be derived later from the spectral-domain method.)



D(0,0) = £l

P.

6
P. = Z(koa)zk €k
=0

e, =1

e, =—0.400000

e, =0.0785710

e, =—7.27509 %10
e, =3.81786x 107"
e, =—1.09839x107°
e, =1.47731x107’

G(0,0)=D(0,0)e,

1 1 1 1 1
= + + -+ SV
070, 0 0 o. 0, - Qsp[ j

l-e
31, , 1) 1
S a0
x|, =1.84118 ehed _ 1 :
RY/4 1 1
1+ (k h)(jyr[l—]
Qc :(ijlar (k(;fze) Qd — : " 4 € nlz
2 R tan 0
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