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** In this set of notes we extend the spectral-domain method to analyze
infinite periodic structures.

Two typical examples of infinite periodic problems:

» Scattering from a frequency selective surface (FSS)

» Input impedance of a microstrip phased array
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Note: We are following “plane-wave” convention for &, and k,,, and “transmission-line” convention for £_,.
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Microstrip Phased Array Geometry
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The wavenumbers k,, and &, are impressed by the feed network.



Microstrip Phased Array Geometry (cont.)

—J\ kyoma+k,,onb )
I =1,e Hizamathyont) k., =k,sin 6, cos g,
(6,.4,) = radiation angles ko = ko sin 6, sin ¢,
Antenna beam (90,%)
Note: Z ‘

If the structure is infinite, an infinite
plane wave gets launched.

Probe

Center of patch (m,n):

x=ma, y=nb

Dielectric layer

Metal patch

X Ground plane



Fundamental observation:

If the structure is infinite and periodic, and the excitation is periodic except for a phase shift, then
all the currents and radiated fields will also be periodic except for a phase shift.

This is sometimes referred to as “Floquet’s theorem.”
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From Floquet’'s theorem:

Jmn(K)_JOO(K_Kmn)e_]_tOO_mn k :Ek Zk
I, = &(ma)+ 3(nb)
koot — o™ (kcomartk,gnb) (vector that points to the center of patch (m,n))

Layered media




If we know the current of field at any point within the (0,0) unit cell, we know the current and field everywhere.

A = ab =area of unit cell §,

Layered media




Let v denote any component of the surface current or the field (at a fixed value of z).

W(x 4 a,y) _ l//(x,y)e_jkxoa l//(x,y) :e—J(kxox+ky0y)P(x’y)
v (x,y+b)=y(x,y)e " : P(x+a,y)=P(xy)
Where  p(x,y+b)=P(x,y)
Z

Layered media (a 2D periodic function)
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_j(kx0x+ky0y)P(

v(x,y)=e X,y)

From Fourier-series theory, we know that the 2D periodic function P can be represented as:
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Hence, any surface current or field component can be expanded in a set of Floquet waves:

o0

x y : i Z J(kyethy,y)

2

kxp = kxO p
a

_ 27q
kyq = kyO b

(kxp,k ) wavenumbers of (p, g) Floquet wave

_a A Note:
]—ctpq B lkxp +Zkyq
l—ctpq = kxpx T kyqy
. . 27ep )\ . (27q) .
]—Cl‘pq :(ﬁkx()—i_yky())—'_ £+ L, y A N
- a b )= where r=Xx+ )y

Incident part Periodic part
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Note: Each Floquet wave repeats from one unit cell to the next,

except for a phase shift that corresponds to that of the incident wave.

Wy (¥ ta,y)=e

=e
=€

=e

—j(kyp (x+a)+ky, »)
(k) = ilkpxthrg) Hence, we have:
—J(kxo+27;p jae—j<kxpx+kyqy) W, (Xx+a,y)=
o/ (kvod) e_‘j (2? aj e’ (b ) Similarly,
o/ (ko) ,=i(27p) e—f(kxpx+kyqy) Y (xa y+ b) -
—j(kxoa)wpq ( X, y)

—ilk
e](xoa

)
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The surface current on the periodic structure is next represented in terms of Floquet waves:

o0 0 —Jjky,. 1 k - Xk +yk
ls(x,y): Z ngqe Jkpq
p—o - k= 8k + ) ¢ (222 ) 252 )|

To solve for the unknown coefficients, multiply both sides by /%~ and integrate over the (0,0) unit cell S;:

(x,v)e et ds = > g Mot Mt gg
Z 2 4y,

Ky —
Use orthogonality: IJ (x,y)e™ " dS=a,, A A= ab =area of unit cell S,

So
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Hence, we have:

1 k-
=Zjls(x,y)ejk’”‘dS

QPCI
Therefore, we have:
1 J(gx+k,y)
qu:Zj‘ls(XJ/)e dS
So

= l .[ I v (x, y) ej(kx”HkWy) dS The current J % is the current on the (0,0) patch.
A —00 —00 -
1 -

= ZJSOO (kxp ” kyq ) We then have:

1 -~
AJOO(k k, )

xp?
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Hence the current on the 2D periodic structure can be represented as

1 & & - o
«ls(x,y)=z > > I (k,.k, )e

We now calculate the Fourier transform of the 2D periodic current J (x, y) (this is what we need in the SDI method):

F [ o -£:| _F [ P }
J‘ _H: ]kyqy:| o +j(kx+k,y )dxdy

—00 —00

o0 (e 0]
_ J‘e—jkxpx o dxje_ g +J d
—00

—00

- 27[5(kx _kxp) 27[5(ky _kyq)
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Hence, we have:

J (k.. ):ii iis (k,.k, ) 275 (k, ~ k) 275 (k, -k, )

Next, we calculate the field produced by the periodic patch currents:

E(k.k,z)=G(k,.k;z,2) J (k.k,)
E(x,,2)= (2;)2 zzg(kx,ky;z,zf)- J, (kook,)e "k i,
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Hence, we have:

kkzz

IIQI

E x .V, Z T T
%ii (k.. yq)27z5(kx—kxp)2ﬂ5(ky_kyq)}

e ) ke dk,



Therefore, integrating over the delta functions, we have:

E(60,2) =2 303 Gk, hyiz,2) T (k, ok, )

The field is thus in the form of a double summation of Floquet waves.
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Compare:

Single element (non-periodic):

E(x,y,z)= 1 5 T Tg(kx,ky;z,z’)-

(27)

Infinite periodic array of phased elements:

J,

( k., ky) oIk ry) dk dk,

E(r02)= 3 3 Glk bz L7 (b, )

p=—00 g=—0

Note:  J(k,.k

Y )phased array

-3 (k)

single patch
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Conclusion:

T TF(kx,ky) dk dk, — (27)

where )
/4
k,, =k + 2L
a
_ 27q
kyq = kyo + _b

The double integral is replaced by a double sum, and a factor (27r)2 / 4 is introduced.
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Sample points in the (k, k) plane
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2w/ a
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Microstrip Patch Phased Array

Example

Find E_(x,y,0)

k., =k,sing, cosg,

k., = kysin g, sin g,

Microstrip Patch Phased Array
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Single patch:

+00 400 2
E x , 1,0 2 I j_]:2|: ) Dek(yk ):|jsx (kx,ky)e_f(kxx+kyy) dkxdky

—00 —00 t

L
W} COS(/C 2) DTM(kt) = YOTM _jY1TM COt(kzlh)
(1) x4 D™ (k)= 17— 717 cot (k)
2




2D phased array of patches:

"’00 72' . W
J,. (kxp,kyq) :(ELstmc(kyq 5 j

k =k +k

ipq xp yq
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The field is of the following form:

[
M
[M]s
Etu
BN

o

L

§N‘
=
+

EN‘

=

E. (x,y,O)

where

n R R R 27p )\ . 27q \ .
Ky, =Xk, + Yk, =(£kx0+zky°)+{( pj§+( bqu}

a

The field is thus represented as a “sum of Floquet waves.”
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This occurs when one of the sample points (p,q) lies on the surface-wave circle (shown for (-2, 0)).

Scan blindness from (-2,0) Floquet wave ky k., = kysin g, cos ¢,
k., = k,sin g, sin ¢,

| 27/b

2w/ a

(kxo,kyo) (E-plane scan, ¢,=0)



The scan blindness condition is:

K,y =k, |= Py, (forsome (p,q))
E (xy 0)=l i i - £, + £y T2 (k. K, )e k)
x A = = kéq D, (ktpq) D, (ktpq) A

|

D, ( tpq) ('BTMo)

The field produced by an impressed set of infinite periodic
phased surface-current sources will be infinite.
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Physical interpretation: All of the surface-wave fields excited from the patches add up in phase
in the direction of the transverse phasing vector:

k,, =xk,, +£kyq —> cosg, = [:xp J cos ¢, =angle of ( p,q) Floquet wave
ipq
Proof: Y
Start with the surface-wave array factor: P=9, »
Z A +J( Brtg Xm 08+ By, sin ) D m D -
¢pq (p,q) Floquet wave
Z A +( BrvigXn €08 By +Brvig Y Sin s ) i x

N elements
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Hence, we have in this direction (¢ = ¢pq), that

ZA +j kxpxm+qun)

_ZA

m,n

xo +ma)+k (¥ +nb))

+jk Xy +jk, Y +j| k,ma+k,  nb
— o v, quZAmne(P yq)

k. " (( +—2ﬂpjma+(ky0+—2ﬁanbJ
_e+J »X0 +] yqyOZA e a b

_ e+]k X0 +]kyqy0 Z A

e+]kxpx0 +jk, qyOZA

+]kx +] b
e 0 qOZAOO

+ Jk X +J vg Yo
€ AN

(2 (27
xoma+k Onb) +J( apjma +J( banb
e e

xoma+k Onb)e+j(27zpm)e+j(27zqn)

0ma+ky0nb)

X

xoma+ Onb) e+j(k

r

(p,q) Floquet wave

X

[ ]
—
[ ]

N elements
k
cos i
trq
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Y

. 20

L L
N elements

B/ ﬂ/B,/ TM, surface wave

In the direction ¢ = ¢, , the surface fields
from each patch add up in phase.

xp

Py,

COS e

|:> AF — N(A + /KX e+jkyqyo )

Note: There is also a surface-wave element pattern as well,

with the field decaying as 1/p"?, but this is ignored here.
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Example

p=—2, g=0
kw::_ﬁ%Mo cos@,qz[_ﬂm10
U, B,
g
ky

o [ J ® [ J o
[ J
\;
;%
T o
RN‘ »
=3
%W‘
N —

27w/ a

E-plane scan

(1]
(1]
=

1 0/ 00 £ £

— £ 08a £
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Grating Lobes

* Grating lobes occur when one or more of the higher-order Floquet waves propagates in space.

¢ For a finite-size array, this corresponds to a secondary beam (grating lobe) that gets radiated.

(ﬁg,¢g) Antenna beam (90,%)
Grating beam z

Metal patch

> Dielectric layer

Ground plane
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k. <k, (for some (p,q) # (0,0))

Grating wave for (-1,0) Floquet wave ky
(kXP’kyq)

[ [ [ [
[ o L o
[ o L o
[ o L o kx
[ o L o
[ o L o
[ o L o

| 27/b
[ o L o

27/ a
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Define

u=k_,=k,sin6,cosg,

v=k, =k,sing,sing,

Radial distance in uv plane:
2 2.2
u’ +v° =k, sin’ 6,

= u' +v’ =k,sin6,

Angle in uv plane:

tang =v/u =tang,

— ¢uv = ¢0

H-plane scan

Visible space circle

E-plane scan
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Grating Lobes

k,, <k, for (u,v)e visible space circle

So, we require that -
kjp +ky2q < k(f for 142 + 1> <k§ (A grating lobe then appears

from the (p,q) Floquet wave.)

The first inequality gives us:

2 2
(kxo + Zﬂpj +(ky0 +—2qu <k

a

or

2 2
(ko sin @), cos¢0+2”—pj +(k0 sin @), sin¢o+%j <k
a

2 2
(u+2ﬂpj +£v+—2m]j <k,
a b

or




Therefore, we have:

or

(u —u, )2 + (v —V, )2 < k02 (We are inside a shifted (p, g) visible space circle.)

2zp _2nq

u, L v, b (This is the center of the (p,q) circle.)

Summary of grating lobe condition:

2 2

2
(U —u, ) + (V -V, ) <k, Part of the interior of the (p,q) circle
is also inside the visible space circle.

u’ +v° <ko2



2
0

(u=u,) +(v=v,) <

2

N

A4 e ——

RS - ~~.
N AN s
N > .

N, < -

Ny Se -7

N N~ "

VY

VY

1 \
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Grating lobe region




This diagram shows when grating lobes occur in the principal scan planes.

u =k, sin 6, cos ¢, v =k,sing,smg,

H-plane scan

E-plane scan
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To avoid grating lobes for all scan angles, we require:

u_, > 2k,
(The circles do not overlap.)
v, > 2k,
Therefore, we have:
27
— > 2k,
a
27
— > 2k,
b
Hence, to avoid grating lobes we have:
or
kya<r a<A,/2

kb < 7 b<A,/2
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Scan Blindness

= fry, for (u,v) e visible space circle

So, we require that
2 2 2 2 2 2
k,+k, =P,  for u”+v° <k

The equation gives us

27pY 27
(kxo-l_ pj +(ky0 bqj IBTMO

a

or

2
(k sin g, cos ¢, + 27[1)) + (ko sin 6 sin ¢, + Zq j :BTM0
a

2 2
(u+ 27”9) +(V+2ﬂj :,BTzM
a b ’

or

41



We then have:

(A A1)

or

(u_up)z +(V_vq)2 :'BTzMo

Summary of scan blindness condition:

(u_up)z +(v_vq)2 :'BTZMO

u’ +v: <k

™,

where
2
u,=-— P
a
2
, =274
! b

Part of the boundary of the (p,q) circle
is inside the visible space circle.
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Pru,

-

2
0

u’ +v: <

43

Scan blindness curve




To avoid scan blindness for all scan angles, we require:

u, > IBTMO + k,

v, > :BTMO +k,

(The circles do not overlap.)

Therefore, we have:

2

— > [y, T Hence

a

27 1
_>,8TM0+ko a//10<

b By, ko +1

or 1

27 b/ A<
== B, Ty +1 P, /Ko +1
k,a
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