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¢ In this set of notes we derive the SDI formulation using a more mathematical,
but general, approach (we directly Fourier transform Maxwell's equations).

¢ This allows for all possible types of sources to be treated in one derivation.



Start with Ampere’s law:  VxH =J' = jocE

V=V, +§i
Oz
where
Vv, :iiJrj/i
ox —Oy

Assume a 2D spatial transform:  V, = £(—jik, )+ 2(—jky)

—j(&k, +3k,)
=—jk
=—jku
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Hence, we have: (—jk Uu+z jxl:l = zi + ]a)gE

Next, representthe fieldas A =4 H +vH +2H.
=i(H-4)+9(H-2)++2(H-2)
y %
Note that N k
ixi=: - =
Zxi=7 -
ExD =i i ¢
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Then take the Z,u,v components of the transformed Ampere’s equation.



2)—jkH, =J! + jock,

N OH 6 ~ .
u ) — =J + jwek
Oz ’
.~ OH, 6 = 3
V) JjkH.+—L=J + jock
Oz ’
Examine TM., field: (Eu JH , Ez) Ignore the v equation.

—jkH, =J + josE. (1)

OH, 5\ iwek
— —_ _I_




We wish to eliminate Ez . To do this, use Faraday’s law:

VxE=-M'— joul
(—jkmaiszz:—@—jwﬂé
Z

Take the v component of the transformed Faraday’s Law:

.  OF y N
JkE, + ~ =-M, - jouH, (3)
Z




Substitute £ from (1) into (3) to obtain

1 - - E - 3
Jkt|:—(_J;_JktHV)i|+6 - :_Mxlz_ja)/qu
jwe 0z

Putting all the sources on the RHS:
oE k' -~ - - -
“+ .k’ H +jouH =-M +£J;
0z jwe e

k? 1
Note that ——+ jou=——(k} — &’ ue)
Jjoe Jwe
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Hence, we have:

OE, [ K’
0z JwE

J
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Equations (2) and (4) are rewritten as

~

OH
Oz
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OF, :—M\’;+( , j]j+£ k; )ﬁv
0z WE jwe

=—J' — jwsE,




Define: o (Z) - Eu (kX’ky’Z)
™ (Z) = Iflv (kx,ky,z)
We then have:
™
ag = —josV™ - J'
z

™ 2
el
Oz jwe WE



Allow for
distributed
sources
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Hence, in the phasor domain,

> joLI+V*
0z
19
Also, =1 :—(CAz)—v+l
Ot
Ol ov
SO —=—C—+ lSd
Oz Ot
Hence, in the phasor domain,
ol ,
—=—jwCV +1*
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Compare field equations for TM_ fields with TL equations:

| ol
:_ja)(g)VTM+(—JZ) gZ—j@CVJFISd

™ 2 o _ oV .
a4 :—ja)[ 2 jITM+|:—M‘Z}+( k )Jé} —=—joLl+V’

0z
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We then make the following identifications:

C=¢
k2
L=—:
&£
Hence
2
k." =w~NLC :a),/ kzz &=k, k." =k,
a &

or

ZTL = £ = kZZ — kZ ZO - C();'
0 C 2 2
V V a & &
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For the sources we have, for the TM, case:

a™ 7
[ =-J

I/SdTM :_M‘l) +(£
&

)

~

J.
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Special case: planar surface-current sources

Assume J(x,y,Z) "ls (X,Y)g(z) ]dTM :—]i 5(2)

M (x,y,z) =M (X,y)5(z) e N 5(2)

)

Then we have ]STM _ _J;'u This is a lumped parallel current generator.

Similarly, we have: ™ _ _ pri This is a lumped series voltage generator.
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Special case: vertical planar electric current

it J(x,3,2)=f(x,»)5(z)

Thenwe have '™ = (ﬁjf(kx,ky)
wE

Example: f(x,y)=0(x)0(y) (unit-amplitude vertical electric dipole)

f(k.k,)=1



Use duality:

L—>H
H— -k
J —>M
M —-J
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Define
I"™(z)=H, (kx,ky,z)
TE _
827=ij00ﬂﬂ+ﬁﬂﬁ]

L=pu kK =k,
We then identify: k2
c=te = gmw_ou
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For the sources, we have:

dTE

7

S

_ 3y
=-M

I :J~i+£ 4 jM’

Special case of horizontal surface currents:

TE _  xi
V; o Msu

~

WU

Special case of vertical planar currents:

(M =g(x,)8(2))
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1%
TE I ™ ~ — TE ~ ~
V' =—E,  pe _—M;+(£ng I —J’+( k jM’
7TE _ 5 W& oL

Special case of horizontal surface currents:

™ . Ti TE i
177 =—J I~ =-M_
™ _  Ayi TE | 7i
VS‘ T MSV V _+JSV

S
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Special case of vertical planar currents:

o = (—tj I (V1= f(x,»)8(2)

k) |
13E=( jg (M! = g(x,)3(2))
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Calculate G_

This is the E_field at (x, y, z) due to a unit-amplitude vertical dipole at (x', ', z').

~

To calculate G__ use: VxH =J+ jockE

zzZ

We then have

oH
P ( y_GHx)_ 1 J

T Jjwe\ ox 0y ) jwe
so that
~ 1 A A 1 -
E, =——(—jkH, + jk,H )-———1J,
]a)gobs ]a)gobs
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We have:
H =H, cosa+ﬁv (—sin@)

=" cosg+ 1™ (—sing)

ﬁy =H, singZJrFIV cos ¢

=™ sing+ 1™ cos ¢

The TE part cancels when we substitute these expressions into the expression for

the transform of £, so we have:

-~ _kt 2 7 - 27\ yT™M

E = (cos ¢ +sin ¢)1 ——
a)gobs ]a)gobs

L 5

z
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We then have: Ignore
~ —k | S

E = ™ — ' J. (We assume that we are not inside the source dipole.)
a)gobs ]a)gobs

From the strength of the TM voltage generator due to a unit-amplitude vertical dipole at Z',

we then have:
ITM — kz I‘:FM
e

Src

Hence, we have:

E — _1 ktz ITM
© we., \ we '

obs src

25



In the space domain we have (after taking the 2D inverse Fourier transform):

o0 00 2 .
O Tl e e R
T —00 —00 a)gobs a)gsrc
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Converting to polar coordinates, we have (for any function F):

27

(kt)kt J‘ e—j(klp)(cos5c0s¢+sinasinqﬁ) dadkt

T

27

(k)& [ e ag ar,

T

27 _
j e ) g g dk,

0

T
—~~
=
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2

~

t

Sl 8 O} O 8 O3 §

F(k,)k, (2], (k,p))dk,
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In the space domain we then have:

E =2 T LKy (k.p)dk
) 272- 0 a)gobs a)gsrc ' " t t

so that

G, —— T LKy (k.p)dk
zz 272_ a)g()bs e % 0 t t

0 src

Note: The integral does not converge when z ="z,
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