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Notes 1
Cavity Model




Cavity Model for Patch Antenna

We use the cavity model and the method of eigenfunction expansion to solve for the input
impedance of the rectangular microstrip patch antenna.

* The cavity model is an efficient and yet accurate method for calculating the input impedance.
% The cavity model justifies the RLC circuit model.

I, current feed at (x,, y,)




Physical patch . . .
Accounting for fringing:

L =L+2AL

PMC
W, =W +2AW
X, =X, +AL

—_—) x .
Vo =Yy +AW

| eff w | ;
(gr + 0.3)(}2 + 0.264j Note: The coordinates (x,, y,) are measured from the corner of

AL/h = 0412 the physical patch.

(£ —0.258)(VZ+0.8)

-1/2
g &.+1 (e -1 h
g = : +( : j{”lz(ﬁﬂ Note:

AL is often chosen from Hammerstad’s formula.
AW is often chosen from Wheeler’s formula.

(Hammerstad formula)

AW [ h = In4 (Wheeler formula)
T




Accounting for loss and radiation:

PMC
ke — kO g:cff
— X ngf =&, (l_jleff)
1 1
+—+
Qsp st

Note: tan o, _ L
d

Assume no z variation (the probe current is constant in the z direction.)



U, /T

U, = energy stored inside resonator

U, = energy dissipated per cycle (period T')

) T =1/ f = period

or U
= () S
0=a 32

P)* = average power "dissipated”

(This includes radiation loss)



CAD Formulas for O Factors (derived later)
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CAD Formulas for Q Factors (cont.)

hed: 1
r 3
] +37z(k0h)(1](1—1]
Cl gr
2/5
¢ =1- . + =

¢, =—0.0914153
a, = —0.16605
a,=0.00761



We first derive the Helmholtz equation for E..

VxH=J + joe"E

V x E = —ja),u[j (,u = ,uo) (nonmagnetic substrate)

Substituting Faraday’s law for H into Ampere’s law, we have:

—;VX(VXE)Z.ZZ. + joe E
jou
:Vx(Vxlj):—ja)yli+kezlj
= V(WE)-V’E=—jou) +kE

=V’ E+kE = jouJ'



Hence

VE. +k’E_ = joul! Ji=JH(xy)=1,6(x~x;)8 (v~ i)

\

Feed (impressed) current

Denote

We take it here to be a filamentary source (zero radius).

w(x,y)=E(x,y)
f(x, )= joul.(x,y)

Then PMC

Viy +ky = f(x,y)




Mathematical Problem
Vi +kly = f(x,y)

p(a ) =E(x,y)  k=k et fxp) = (joul,)5(x-x3)5 (v -0

The function yis really a 2-D Green’s function, if the feed current is filamentary.

Y
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Vi +kly = f(x,)

Eigenvalue problem:

Vi +ky = Ay

— Viy=-1"y (—/1’2 =] —kez)

The original eigenvalue problem is thus reduced to this simpler “reduced” eigenvalue problem.

New notation: A'= A’

1



Introduce eigenfunctions of the 2-D Laplace operator:

Vz'ﬂmn (xa y) — _)Z';;q%ql//mn (X, y)

oy
mn — O
8’1 |C

12
—A~ = eigenvalue

For a rectangular patch we have, from separation of variables (or guessing):

Note:

L, w
The eigenvalues are real and the

2 2
17 = Km_ﬂ] o (%j } eigenfunctions are orthogonal.
mn I W

e e



Assume an “eigenfunction expansion”;

w(x,y)=> A, v, (x,y) (mn)=012..

This must satisfy Vzw + kezw = f(x,y)

Hence ZAmnvzwmn +kezzAmnl//mn =f(x,y)

VU, (X, 9) = =201, (X, )

Using this property of the eigenfunctions, we have:

> A (K =20 )W, (x,0) = f(x, )
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Multiply the previous equation by l//mn (x, y) and integrate.

Note that the eigenfunctions are orthogonal, so that

[ ¥/ (5 9) W (x,)dS = 0 (m,n) # (m',n')
S

Note: The eigenfunctions are real, so we can drop the conjugate here if we want.

Define  <u,v>= ju(x, YW (x,y)dS

S

=D <V > = [ W W (6,9)dS =0, (mum) # (')
S

We then have:

2 12
Amrn/(ke - mrn/)<wmrn m'n' > <f W ! >
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Hence, we have (removing the primes in the notation):

< foy, > 1
4,,= 2 2
< l//mn’wmn > ke o ﬂ“mn

Recall: f(x,y)= ja)ﬂJi(x, y)

<J,w > ]
<Wmn’wmn > ke2 _ﬁ“n'jfl

Therefore: A = jou

The field inside the patch cavity is then given by

E.(x,y)=w(x,y) Z Vo (X,7)
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For the rectangular patch:

= COS mrx COS
Wmn Le
2 2
" mrmx nix
mn — T + S,
ke — kO g’iff
where
gfcff (1 o jleff )

We need:

mn b Wmn

16



The result is:

W Vo) =(

/4

e

2

m0

|

j(%j(1+5mo)(1+5no)

I, m=0
0, m#0
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For a filamentary feed current we have:

w,/2 L,I2

(T2 ) = j I105(X—XS)5(y—y§)w;n(x,y)dxdy

~W,/2~L,/2

=1y, (xg,yg)

Hence, we have

<J£,wmn> =1, cos(mzxo jcos(n;;/yo j

e e
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The final form for the field inside the patch cavity is then given by:

E (x,y)=y(x,y)

mix niwy
Y, =COS COS
L /4

e

2
2’2 — I’}’l_ﬂ' + ﬂ
mn Le VVe

k k eff

\]

J! =J;(x,y)2105(x—x§)5(y—y§)

i i A, W (X, )

m=0 n=0

, <J,y, > 1
4, ZJWﬂ( £ j{ ; ,2]
< l//mn")”mn > ke _ﬂ“mn

<J£,Wmn> =1, cos[mzxo jcos[n;;/yo j

e e
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Substituting in for all of the terms, we have:

mux,
4 o | COS T COS W
E.(x,y) = joul, (—]ZZ :

p:_| M7
e Le

k — ko geff

e rc

Note:

It is usually the (1,0) mode that is resonant.

greff =&, (1 _jleff)

le =tanog =

1 1
0 0, 9 9 Q.

Note: It is not obvious, but the field goes to infinity when (x,y) —>(xg,y§)




Using a Green's function notation, we have (setting 7, = 1):

max' nry'
cos cos
G(x,yv;x', V) = jou| —— iw (Le] (Wejcos
’ L )= (146, )(1+5n0) .2 (m;zjz [mrjz

For an arbitrary impressed current excitation inside the cavity, we then have:

L

e

IJ; X,y G(x, y;x', y")dx'dy’
0

(-} "—7@%
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To calculate the input impedance, we need to consider a nonzero radius of the feed probe.

y J..

| N,

Feed probe

Note: Because the probe is made of PEC, there is a surface current on it.
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Input Impedance (cont.)

% We first calculate the electric field £, inside the patch cavity due to the probe.

s It is convenient to use a strip model of the probe.

p B (xgayg)
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For a “Maxwell” strip current assumption, we have:

I ' ] ' e W e
A et L
5 0
Wp =4ap w, 1 (x3,57)

Note: The total probe current is /, amps.
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For a uniform strip current assumption, we have:

. ] 74 /4
Jz / :_0, ,E e__p, e_|__p
= () a y [;vo SNt ]
3 W 1
W, =a,e* =4482a, s (X5, ¥5)

Note: The total probe current is /, amps.

(We will use this model.)
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Field inside cavity due to probe:

J(x',y")G(x, y;x",y")dx'dy’ (arbitrary impressed volumetric current in cavity)

S — §
o'—.l\

E (x,y)=
x y _[ X',y G(x y;x',y")dS"  (arbitrary impressed surface current on a contour)

yo**

— j Jo( X y;xg,y')dy' (strip current)
Cg
i ! ]O . .
J.(¥')==% (uniform strip current model)

P

0

G('x y,x(),y) .]a)/l’l( jzo 0 1+5 )(1+5 )
e =U n= n0

Mmx nry
cos cos
L, W,

Term that needs to be integrated




Integration over the strip current:

e e W[’ p ¢
yo_i yO_T
7
]O 2 nir " ' e
=—% | cos| —|ys+y"||dy"  (¥'=y'-»
i !V EWe[yo y]j v ;)
e Integrates to zero (odd)
W,
= fy f Cos n7Yy CosS nzy” —sin M ' n7zy dy"
W, 5\ W W ¢ g’
2

1 (x5>5)

I, mryoe) : [”ﬁij sin x
=—"—| cos W sinc sinc(x) =
114 { W P 2W ( ) X

27



The field inside the cavity due to the strip probe current is then:

o [l
D e "[mf”

‘ L /4

e e

E.(x,y)= jwﬂ(

We next use the field inside the cavity to find the input impedance. We first calculate the complex power
going into the patch, which is the complex power radiated by the probe current inside the cavity.

1n:__h I Ez(xgﬂy)']sl:(y) dy Rn_gzin 10‘
e WP
yo—T
JL ()= = 7 =2tn
p |[0
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ZZ (146, (1+5n0)

We need this integral:

/4

y8+7p * *
I, 1
I cos ( ey j (—j dy =—cos
W, er Wp Wp
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The final result is:

4 Q0 o0
Z = jouh| ——
w =—Jou [WL ]m_o;

Wp =a, e? i4.482ap

k, :ko\/g

gfcff — gr (1 _jleff)

l.=1/0

1

e e nahW
cos? | 240 |cos?| 20 |sine? &
L, W, 21,

(1+6,,)(1+6,,)

K2 m_ﬁz_ ﬂz
- L W,

Note:

We cannot assume a probe of zero radius, or else the series will not

converge — the input reactance will be infinite.




Probe (feed) inductance

(accounts for all modes (m,n) # (1,0)) i ), = —F—
Probe  Patchcavity - Le
® 11) O Q=w,RC=—-
Lp
Zin Il- R i C
® O
R (1,0 mode resonator)
Z, = joL, + I 2
1+jQ(_0j Resonance frequency: Re(k’)= i
ﬁ) f q y C( € ) Le

This formula, which describes the above circuit model,
comes from approximating the input impedance formula.
(This is done in just a bit!)

2
—> kozgr':[%j > ke

e

(Usually £/ is just called &, .)
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Cavity model (eigenfunction expansion) of patch
60 T T \ \ T ‘ ,

SOf TN
40

30

20

10

20 i i
153 154 155 156 157 158 150 16 161 162
Freq. (GHz)

Patch Feed

g =22 x, =1.85 cm
tan o = 0.001 Yo=W/2
h=1.524 mm a =0.635mm

L=6.255cm
W/L =1.5

c=3.0x10" S/m

a0

CAD Circuit model of patch

20 |

i i i i i i i
153 154 155 156 157 158 159 16 161 162
Freq. (GHz)

60 T T T T T T

COMSOL real
L HFSS real
0 CAD formula real

= = = COMSOL imag

00 -= = = = HF5S5imag

30

201

10

ok

= = = CAD formula imag

\ \ - ':_ -
\ ‘.‘ “ - - .
L \ ,p‘- -‘d -
A0 I L * -
L -
20 | L L L | | | |
1.53 1.54 1.55 1.56 1.57 1.58 1.59 16 1.61 1.62

Freq. (GHz)
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Note that

Hence, we have:

JX, :—ja),uh(

e
MIX,

o

7)o |sine? nal,
7, oW,

k> —

e
MITX,
L

e

mir

(2

(1,0) = term that corresponds to the dominant patch mode current (impedance of RLC circuit).

I

o

2
ﬂ
W,

ny;
w

e

o

1
2 (1+68,,)(1+5,)

(m,n)

#(1,0)

k> —

e

|

mir

L

e

I

2
ﬂ
W,
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Results: Probe Reactance (X=X = wL,)
40 r
35 [ /
! S,g'?:t Rectangular patch
30 |
B -
g | — 1
~ 20 : """""""""""""""""""""" R S
< 15|
(%o, ¥o) W
Q[ L S (o=@
! x,=2(x,/L)-1
5
B L X
o 01 02 03 04 05 06 07 08 09 1
Center X, Edge

The normalized feed location ratio x, is zero at the center of the patch (x = L/2), and is 1.0 at the patch edge (x =L).

g =22
W/L=1.5
h= 0.02544,
a =0.5mm
CAD:
X, = (1) -y + 1| ——2—
T \/‘?r(koa)
Exact:

The cavity model for X, with all infinite modes
(excluding the (1,0) term).
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We can write

. m,n ) P
Ly = ZZin where 27" =—jo .
m,n

4
P = uh
mn lu (W;Le

e e nzW
1 cos?| 2% |oos?| 20 |gine? L
(1+6,,)(1+38,,) L W,

e

2 2
k2 — /1!2 — m_ﬂ. + ﬂ
mn mn ] er

L

(The P, coefficients are not a function of frequency.)
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We can then write

Zin :_]a)[kz —k2 ]

| P
VIR j
| P
~ (k) -k,
Pmn
=

klzleff +J (k12 - kr721n )

Recall:
kZ _ k2geff
e T0%rc
= k(?gr (l_jleff)
— k12 (l_jleff)

Note:
k, is the wavenumber of a lossless substrate having the
(real) relative permittivity .
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We can write this as:

P
Z,)" = (kz mln ) 2 = 2
mn” eff kl _l_]( 1 j( kl _1)

k., L. )\ k2 Also, define:
P
Rmn E[ 2’"" )wmn
Next, use: Kl et
_ — Q kmnleff kmnleff a)mn
leff
k112m a)nzm ll’logogr a)jm f n12n o " fm"

Ct)jm = k,,zm / Ho€oE, f,., =resonance frequency of (m,n) mode in lossless cavity filled with &,



Then

Z," =R, o
(f,,in +jO( 12, 1)}

or

R
Z.m,l’l — mn

n | 1
S rmn +JQ(frmn I j)

\



Near the resonance of the TM,, mode, for £, ~1, we have:

Zin - R=R
1+ ;0 S _Jo f ;flo
f(') f 0 10
(RLC equation)

This justifies the RLC model near resonance of the TM,, mode.
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2 2
Note that for the (0,0) mode @,, =0 Recall: £, :\/(WJ J{Ej

Z," =0 L => Z,) =
KoL+ (K —//'/,Z) "tk = kL)

(Assume I, =1} < 1)

1
or 7% x
UEE

Jo r
(Poo]

Also, we have:

h : :
P = —,U Recall: P, = uh 4 1 cos®| 220 |cos? | 2220 |sine?
+ +
O L w WL, )(1+6,,)(1+3,) L, w, 2
e e

naW

p

A
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Hence

Z.O’O ~ 1 _ 1

in ja)[ﬂgogr ] / \

})OO ]CO ﬂEOEF
L))

or
Z.O’O ~ 1 = 1
o ( LeWej joC
.]a) gogr

As expected, the (0,0) mode acts as a parallel-plate capacitor.
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For any other nonresonant mode (m,n) # (1,0) or (0,0):

Zm,n _

Zm,n

m

m

u

Rmn
. 1
,ﬂm+1Q£ﬁm vﬂm]

@ 0 >>1

mn

jQ(

f;fmn f
rmn

J

:jX

mn

Note:
This is not true for the (0,1) mode, but this mode is not
excited when feeding on the centerline.

Note: f —L<0

rmn

(X, > 0)
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Circuit model:

(L,0)
(0,0) (2,0)
o—| |7 YXES 000 —
, o
o)

Note:

This circuit model is accurate as long as we are near the resonance of the (1,0) circuit.
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Lumping all of the nonresonant circuits together into a “probe reactance”, we have:

(1,0)
~WW\ iX
0 ) 006

This gives us the CAD model for the patch.
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