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This set of notes discusses the probe inductance of a coax-fed patch.

» Introduce probe model for a parallel-plate waveguide

» Use this model to calculate the probe inductance



Probe Inductance

Patch

Parallel-Plate WWaveguide Model




The probe current is assumed to be uniform in the z direction,
and the metal is removed by the equivalence principle.
Radiation from the coax “frill” is neglected.
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Assume E=ZzFE (,0) since @—=0 —=0

V?E_+k*E_=0

General solution:
P cos(ng) \( J.(k,0) \( cos(k.z)
© Usin(ng) )\ Y, (k,p) J(sin(k.2)
k, = (k2 — > )1/2 Choose m=0,n=0

k="~
h



Hence

z

(Jo(kp)j <«——— finite at the origin

Y (kp) ] «—— infinite at the origin

or

P H(()l)(kp) +—— incoming wave

z

H(()Z)(kp) <+«——— outgoing wave

H}El)(z) =J (Z)-l— jY (Z)

n

HN(2)=J,(2)-jY,(2)
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Hollow tube of current

J

SZ

gl"’lLlI"

Note: The tube may be thought of as being infinite in the z direction (image theory).



p<a E- =AJy(kp) Model: Y
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BC1: A J,(ka)= ATH (ka)

—1

BC2: Hy,=——(VxE)-¢
jop

- (af%_a@]
_ja),u /0z op
1 ©0E,
 jou p
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k

Jou

—[A+H(§2)'(ka) A (ka)} -~

p<a  E. =AJykp)

p>a  El=A"Hy (kp)



Hence, eliminating 4- using BC 1, we have:

oy | g Ho (k) | _(
ATHS (ka) {A 7o) }JO (ka) =

or

A [JO (ka)H' (ka) - J, (ka) H® (ka)} _

1 j(]a)ﬂj
2ra k

1y

2ra

|

jcl?u j Jo(ka)
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Wronskian Identity:

J,(x)HP (x)=J, (x) HP (x) = —j(

REERTTNT

or

A" = —(%’J(aw)]o (ka)

Next,use @wu=kn  so

=
TX

A—i—

I
=—nk (ij Jo(ka)

1



Hence

= —nk( y on (ka)H§? (kp)

h S PSR-a7)
Next, we use [ IT[ — X
7 - 14 _ —h E. e
]O [0
kh
so 7. = ( )JO (ka) H{? (ka)

patch, but not the real part (the radiation effects are very different).

Note: The imaginary part of Z. should be fairly accurate for the probe feed of a
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We could also complex power:

2P !
Zin - 2 2a g
‘] <O>‘ | hI IT!
R=—¢E-JdS )
2 N
”hE (a)J. adzdg
I I Z. (kh) = J, (ka) H? (ka)
=—7zaj E (a)J" dz 4
J' E.(a)l.dz (same result)

27m
= j —77]{4)] (ka)H(z)(ka)j (17)dz

:—%\15 h(=nk Jy(ka)H;? (ka)




Taking the imaginary part: X, =— @JG (ka) Y, (ka)

(Recall H® (ka) = J,(ka) - jYO(ka))

For ka<<l

Jy(ka)~1 Y, (ka) z2£y+1n(k2“jj

T

where y =0.57722 (Euler's constant)
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Approximating the Y,, Bessel function, we have:

oo en(2)

or

2

X, = ;770[ \/g«/yrgr (koh){y+ln(

or

u.e. k,a

ﬂ
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We then have (with X;, = X):

X, :;_;ﬂr(koh) —7/+ln[ 2 } [Q]

\/E(ko a)

Alternative form:

R R E

y =0.57722 (Euler's constant) 1y =376.7303 [Q]



We can solve for the probe inductance using [ =

o
L =
P 2re

M,

XP _ Xp
ok,
—¥ + ln( . j
\/ /Llrgr (kOa)

ol |

The probe inductance is slightly dependent on frequency.

Mo
27

X
Ho&y = KZ
]
U, hjln(koa)

T

In practice, we can evaluate it using o=, =2xf,
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Example

g, =294

h=0.1524 [cm]  (60mils)

a=0.0635 [cm] (SO[Q] SMA Connector)
f=20 [GHz] (4,=14.9896 [cm])

X, =123 [Q]

L,=9.79x10""" [H]=0.979 [nH]
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Results: Probe Reactance (X, =X = wL,)
40 e
i g =22
35 | /
S B FECEEE CAD W/L=1.5
! exact Rectangular patch
30 | h= 0.02544,
25 E - a =0.5mm
—_ i ///
S (VS0 N
- i | AD:
52 : CAD
bl (%> Yo) 7 2
i Yo, Yo X =" pu(kh)-y+In
10 : ------ |~---O--- W g 272- ( " ) [\/Il’lrgr (kO a)]
i x,=2(x,/L)-1
S5t
B L X Exact:
0 0 01 02 03 04 05 06 07 08 0.9 1 The cavity model for X, with all infinite modes
(excluding the (1,0) term).
Center X, Edge

The normalized feed location ratio x, is zero at the center of the patch (x = L/2), and is 1.0 at the patch edge (x =L). 19



Image Theory

Image theory can be used to improve the simple parallel-plate waveguide model when the probe gets
close to the patch edge.

PMC Wall

£/

Image Currents

cee—p .. The probe images are reflections of the original
|§> > | probe current about the four PMC walls.
\ 2a
Primary current S = distance from probe to left PMC wall.

Using image theory, we have an infinite set of “image probes.”

We will just worry about the image that is closest to the original probe current.
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A simple approximate formula is obtained by using two terms: the original probe current in a parallel-
plate waveguide and one image. This should be an improvement when the probe is close to an edge.

two _ 1mage
X )(p—k)(p

p
k - kO lurgr

n=n (1 /¢, )

X =—dinkhJ,(ka)Y,(ka)-+nkhJ,(ka)¥,(2ks)

p

Original

PMC Wall

Vi

Recall:

_ 2)
R = Uk(4on(ka)H (kp)

S 2a
Image
Primary current
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As shown on the next plot, an improved probe reactance is obtained by using the following modified CAD formula:

i b W
X;,mp — maX(X]I;rO C,X; 0) “modified CAD formula”

(the improved formula)

PMC Wall

Vi

Image Currents

s —p se e
> > e

\ 2a
Primary current

22



Results show that the simple improved formula (“modified CAD formula®) works fairly well when
the probe gets close to an edge.

Y
i b t
X = max (X, X ) T
35 I I I I I I I
. |===+Uniform current model ( )
- |—— Cavity model .’ *0> Vo
30 —---- Uniform current model (with one image) 7 > [ P ]l___o.__
- ¢ Modified CAD formula
i ® HFSS simulation
25 - I
¢« o
—_ 20L~4-+-4-4-4-#-4-+-I:+ 7
G I
= |
X q5[T==ul -
: il LIS R 2 8r:2.2
10 | W/L=1.5
E h=0.0204,
5
[ a =0.5mm
N SUUR DUUU OO FOUON FOUSN DU N0t OOt O f=5.0GH
0 01 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1
X Z,. =500
center r edge 0



This section discusses improved models of the probe inductance of a coaxially-fed patch
(accurate for thicker substrates).

» A parallel-plate waveguide model is initially assumed.

gr’ll’lr
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The following models are investigated:

= Cosine-current model

= Frill model

Derivations are given in the Appendix. Even more details may be found in the reference below.

Reference:

H. Xu, D. R. Jackson, and J. T. Williams, “Comparison of models for the probe Inductance for a parallel plate
waveguide and a microstrip patch,” IEEE Trans. Antennas and Propagation, vol. 53, pp. 3229-3235, Oct. 2005.
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z

e
—f— =
h' Za I I' k_kO ll’lrgr
7/

“r i ey n=n,(Ju /z)

We assume a tube of surface current (as before) but with a z variation.
I(z)=cos [k (z— h)]

Note: The derivative of the current is zero at the top conductor (PEC).

7 2Pc P_ = complex power radiated by probe current

in 2 | i}
0] pe-t i

p

26



Final result:

=—(k h)no[ jsec (%, h()ZU [ Koo (1+8,0) H (k,,,0) J, (K., )

X, =ImZ,
where 0 (kh)
[ = > - |sin(kh)
1+06, )| (kh) —(mr)
5\ 172 Note:
2 [ mm The wavenumber £ ,, is chosen to be a positive real
kpm k™ — h number or a negative imaginary number.

I, m=0

kpm =k, 1 k, 5m0:{0 U



h' 2a _"_ £, 1

22 llee®

A magnetic frill of radius b is assumed on the mouth of the coax.

A

Msz—éxﬁz—éx@Ep) —> M_=-FE

Choose: FE —1

)

1
ln<b/a>

(TEM mode of coax, assuming 1 V)

28



Final result:

Y o HY(k,,b)— HY ( )
Ym—“Zin—f(%j[koh]{m(b/aj Z ><1+50>H (k)

X =ImZ
p in

where

I\
mmr
b (%]
Note:

The wavenumber £, is chosen to be a positive
/ko real number or a negative imaginary number.




Comparison of Models

The probe models are compared as the substrate thickness increases.

The probe is in an infinite parallel-plate wavequide.

30



Xin (2)

300

200 |

-100 |
-200 |

-300 —

Models are compared for

iIncreasing substrate thickness.

60 mils

100 |

= = = = Uniform current model
Frill model

Cosine current model
® HFSS simulation

0.005 0.01 0.015
h (m)

0.02

0.025

g =22
a=0.635mm
b=2.19 mm
f=2.0GHz

Note: 4, /4=0.0253 [m]
Note: 60 mils =1.524 mm

31



Rin (2)

Note: The real part is ignored when T
calculating the probe reactance! ) 2a £
— X
60 mils

500 : ; Z,=50Q
450 | ;

r Uniform current model
400 - Frill model
350 - -—— -Cosine_currer_\t model gr =272

- ® HFSS simulation
300 f a=0.635mm
250 \ b=2.19 mm
200 9 f =2.0GHz
1502
1002
50 |

02 a1 . o o o Note: 4,/4=0.0253 [m]
0 0.005 0.01 0.015 0.02 0.025

h (m) Note: 60 mils = 1.524 mm



Next, we investigate each of the improved probe models in more detail:

= Cosine-current model
= Frill model

33



2a TR k=ky\Jpe,
h | I / gr’ll’lr
/

X 77=770(\/ur/8r)

We assume a tube of current (as before) but with a z variation.
I(z)=cos [k (z— h)]

Note: The derivative of the current is zero at the top conductor (PEC).

7 2Pc P_ = complex power radiated by probe current
n 2
1 *
SP

z Sz
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Circuit Model:
1(0)

coax feed

|
P :_Zin

= 10) =

2P

C

in ‘[(O)‘Z

35



Lin = 2—Pcz
1(0)

mirz

Represent the probe currentas:  [(z) = Z [ cos
m=0

This will allow us to find the fields (and hence the power radiated by the probe current) using a Fourier series approach.

36



Using Fourier-series theory to find /:

j[(z)cos(mﬂzj i:)

Hence

joh 1[(2) cos( .

—

mﬂzj o

[ =

Imjcos(mﬂzjcos[mﬂzjdz
h h

The integral is zero unless m = m'.

I [gu +5m0)}

" h(1+

o

m0

2 ) J‘Oh 1(z) COS(mZZde

37



We then have:

l

m

Result:

I/

m

2

h(1+6,,)

=[

2

Joh cosk(z—h)cos (

(kh)

1+0,

j (kh)? —(mm)*

(derivation omitted)

mﬂzj "
h

sin(kh)
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Note: We have both £, and F,.

To see this:

SO

o8,
1 0B, OE. _,
pﬁﬁ Oz

39



For E_, we represent the field as follows:

p<a ZA cos(mﬂz

p>a  E'=%4 cos(mﬂzj H” k

40



At p=a

E!=E. (BC#1)

SO

ATHY (kpma) =A J, (kpma)

Note:
Orthogonality tells us that we can equate each corresponding term (term # m)
in the two series on either side of the equation.

41



Also, we have

where

¢

To solve for Ep . use

Hy, —Hy=J,;
-1 (CE, _ OF,
jou\ o0z oOp

VxH=jowsE

J

(BC #2)

(£, #0)

42



so Jowek

Hence, we have H¢

For the m!" Fourier term:

(m) _ _
H" =

1
JOU

_ ¢
jwe 0Oz
1| 1 0H, CE
jou| jos 6z Op
— (—k: )HW——aEZ(M)
joe' Y op

|

43



so that

(m)
KH k2 H" =—joe O,
op
where
2 2 2
k" —k. =k o
Hence
£ jowe OE™
¢ - kz 6
Jo,

44



B — — _
BC2)  Hy,—Hy=J. =——
For the mth Fourier term:
1
H(m) _ H(’") _ J(m) __tm
@2 @1 Sz 272’61
where H(””) - ja)g 5Ez(m)
6 12
k op

om

45



Hence

pm

using Ay H (k,,a)=4,J,(k,.a) BC#)

we then have:

' HY (k ’ k
A’;Héz) (kpma)_A;;( - ( pma)]‘]o (kpma) :( ]m j( - ]
Jo(k,,a) 2ra

46



or

A Jo ) HE (@)= HE (K 0,00, () |

1Yk,
= — |J,(k
(27zaj[—ja)8j o (Kon)
k
i p— =(]'"j o\ g, (k, )
rk ,.a 2ra )\ —jowe g

(using the Wronskian identity)

or

Hence J,()H (x)=J, (x) HP (x) =—j[ij
X




We now find the complex power radiated by the probe:

P =‘71gf>z-zi*ds

27zh

== _”E (@)J" adzd¢

= —ﬂaj E_ (a)J dz

j E (a)I'(z)dz

27m

= _EJ‘: (Z ArHiP (k,,a) cos(
m=0

mmz

i D(Z[ COS(

m'rz

)

48



Integrating in z and using orthogonality, we have:

A,," coefficient

_ IS o h

l)c o 27;)14;71[7%1—[0 (kpma)(z)(l—i_gmo) /
__(M)S (2) 1 _k;m '
B (4j;(1+§MO)HO o) {]m( 4j(w‘9jJ0(kpma)}m

0

Hence, we have:

h 1 - 2 4,9 (2)
P :+16(m5j;}‘[”“‘ k2, (1+8,0)H (k,,a)J,(k,,a)



Zin — 22})6
cos” (kh)

Therefore, we have:

Z = g(ij sec (k)Y |1, K2, (1+8,0 ) HO (k ,a) Jo(k )
e m=0

Note:
The wavenumber £ ,, is chosen to be a positive real
number or a negative imaginary number.

Define:

2\/2 12
— k mir mr 12
kom =22 = gr,ur—(—j Recall: km:[kz—(—j j :(kz—kjm)
k, [ koh g h

50



We then have:

Also, use

i, iwen
0 0
v e g,

—(k h)no( ]sec (k /e, )Z|1 K (14 8,0) HO (k ,a) Jo (k)

The probe reactance is: Xp =Im(Z, )

51



Thin substrate approximation

——(kh)no( jsec (khf)zu i k,,m(1+5o)H<2>(k ) Jy(k, a)

k,h <<1: Keep only the m =0 term: %io =& M, e pm =%=\/wr (ZZ”
" [1 +25m0 ]Lkh)z(ljhgnm)z }m("h /=1
The resultis
Z, =k o (k) HEP (ka)

(same as previous result using uniform model)
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1V frill

TZ

1 1
—— M =—|—
hI : L & 1, i anw/a)}

)
®® @I _,x

To find the current [ (z), use reciprocity.

Introduce a ring of magnetic current K =1 [V] in the ¢ direction at z (the testing current “B”).

I(z)=[H*-M"aV =—(4,B)=—(B, 4)
___________ @ﬂgB v
ZI 4 gellos Sk :..[le'MadV
V
y - [H"-M, as
Ampere’s law: jlj“ M’ dV=KjH;(a,z)adqs:Kl(z):I(z) Sr
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Z

!

i
RIO®

The magnetic current ring B may be replaced by a 1V gap source of zero height (by the equivalence principle).

o
I(z)=- H® (p,0)d
&)= apra) j (p.0)dp

oY

; - I(O)=—m£1{gap(p,o)dp

Let z — 0 to get 1(0):

b The magnetic field of the gap source at z =0 is then
calculated using a gap-source model (shown next).
eRLe®




Calculation of HE™ (p,0)

E (z,p)= iBm HY (kpmp)costmzz
m=0

B ( ) —1/A, 0<z<A
z,a)= ,
: 0, otherwise.

Note: A can be taken to approach zero at the end.

J

56



Calculation of HE™ (p,0)

For p=a:

E (z,a)= iBm HY (kpma)cos
m=0

From Fourier series analysis (details omitted):

-2
B =

" h(148,0)HY (k,,a) Smc(

mrz | —1/A,O<Z<A
o) 0, otherwise.

mﬂAj
h

57



Calculation of HE™ (p,0) T

h [ 2d Tuh gr’ll’lr

I — X

The magnetic field is found from E_, with the help of the magnetic vector potential 4, (the field is TM.):

1 04 < ) mrz
HY =———= (z=0 Use: A (z,p)=> 4 H (k, p cos( j
2
We then have: F = ! 0 +k% 14 Setting p = a allows us to solve for the coefficients 4,
‘ Jjoue O7° z from the B, coefficients.

2
B, H (k,,a)= jwlﬂg (—(’"7”) + k> ) 4,1 (k,,a)

58



This yields:

n

{

B
hn

d

1

&

b/a)

1

TZ

2a —_ | —
H_.b & H,
eelloe® — X

o0

4ﬂk§:

m=0

k :kO gryr

Hy (k,,b)—HY (k)

(k2)(1+38,0) H (k ,a)

n

I
S
|
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Final result:

TZ

za —_— -
H"b “ro
R e®

\(k,,,b)—H (k a)

][ln(b/a)j Z 1/;[

) (1+8,0) H (k,,,.a)

60



Here we derive the equivalent radius approximation for a flat strip.

Start by considering a probe of arbitrary cross section:
a

=  ©

Assume: [, =1A

We wish to find the effective radius a of the round probe wire that best models the probe wire with contour C.

61



Approach: Equate complex power being radiated by the two objects.

Round wire: a g,

@ Assume: [, =1A

C10

For the round probe wire:  E_=—nk (i) Jo(ka)Héz)(kp), p0=a

. 1°F 1
| EJdl == { EZJSZad¢:—EEZJSZa(27z)

Co

R=-
2

1 1 1
= —2(—771{4) Jo(ka)H{ <ka>j(2j a(2r)

wa
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*

1 1 1
P = —2(—77/{ (Zj Jo(ka)H (ka)j(zj a(2r)

7wa

Use nk=awu

p - %a)ﬂ Ty (ka)HS® (ka)

Assume that the radius is small compared with a wavelength:

1
¥ z—jga)yYo(ka)

Next, use

Y, (x) ~ E{m Gj + 7/}, y =0.5772156
/A

H? (x)=Jo (x) = /% (x)

Jo (x)zl (x << 1)

63



We then have

1 2 ka
P ~—j—ou| —|In| — [+
R ”H (2j 7D

1 ka
P~—j—ou|In| — |+
== ou (%) |

Next, we consider the arbitrary-shaped wire.

or

64



Arbitrary-shaped wire:

E, U
r
Assume: [, =1A
R=|r-r
r- ¢
PC = —% J:Z (Z)EZ (l)dl [ = distance measured along boundary
C
where
E.(1)=]Je (1) {—nk Gj Hé”(kR)}dz'
C
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Re-Al

Denote

{ nk( jHéz) (kR)}dl’dl

T (1) =1 (1)

b =gl [ 101

SO

Pxg

Assume: [, =1A

(1) HEP (kR)dl' di

o I f(l')f*(l)(—J%

66



P, z%wﬂ i i f(l’)f*(l)(—jz{ln(’%ijdz'dz

T

Note that

[ £()d'=1 (aonobject) [ f(/)dl=1 (1A onobject
C C

so that

P z;coy([([f(l’)f*(g)(—ji{ln(?ﬂ)dl’dl—jy(;wyj



Equate the two complex powers:

1 ki
P = —]a)/{ln( ;j—l—}/} (round wire)

4r

—J— ﬂ”f

— La) ln(ka
]47r H 2

or

(kfjdl dl - ]}/(4
n{ZJoa-sf o

Jor|=sgpent s

A 2

1

T

—Jiwuln(kaj —j— ﬂ_”f

ﬂj (arbitrary wire)

()1 (kfjdz dl

68



J o

(ka
2

or

) —jiwu(jjlf(l’)f*() (kfjdl dl

1n(k7“j=££f(1')f*( (kfjdl dl

or

In(k)+Ina—In2= ”f

or

ma_jjf

)(lnk+lnR In2)dl'dl

[)inRdl' di [jf(z')df:jf(z)dz:l =1]

69



The general result (applicable to any arbitrary-shaped wire) is therefore:

1na—jjf ()InR(1,1')dl'dI

f(N)=J (1) (f=1[A])

We next evaluate this for a flat strip.

70



Strip model: J s (x)

N | S

—w/2 w/2

w/2 w/2

Ina = j jf ln‘x x'

—w/2—-w/2

"dx
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Uniform current model:

Y
JSZ(x)
— X
—w/?2 w/?2
JSZ(x)zf(x)zl/w
1 w/2 w/2
lnalz—2 j I ln‘x—x'dx'a’x

w —w/2—-w/2

72



w/2 w/2

1
ma:—7 J j mh—x%hdx
w —w/2 —-w/2
Use
s=x/w
’ x—x'=ws—wt=w(s—t)
r=x/w

We then have

1/2 1/2
mazj.j mbﬂv%Wﬁﬁ
~1/2-1/2

73



1/2 1/2
lnazj I ln(w‘s—t‘)dtds

-1/2 -1/2
Therefore, we have:
1/2 1/2 1/2 1/2
lnazlnwj J. a’tds+j I ln(‘s—t‘)dtds
—-1/2-1/2 —-1/2-1/2
or
1/2 1/2

na=mw+ [ | In(|s—)dtds
—-1/2-1/2
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1/2 1/2

1na=1nw+j 'f ln(‘s—t‘)dtds

-1/2-1/2

Define: s 12

A, = j j ln(‘s

—1/2-1/2

We then have:

—t\)dt ds

Ina=Inw+ 4,

or 4y
a=we

or

iy
w=e 2q

75



Effective Radius Approximation (cont.)

We have:

172 1/2 3
dy= [ [ In(js—o)drds=-=
—-1/2-1/2 2

We then have

2
83/
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Maxwell current model:

(This corresponds to 1A.)

77



w/2 w/2

lna—— J-/z j/z - > ln‘x—x dx
—WliZ—w w _x2 W _xr2
(zJ 5
Use
s=x/w
, X—X =Wws—wt W(S t)
/w
2 1/2 1/2

o= — LI
e [ e

78



2 172 1/2

na=—5 | [ — 2
ma =" i \/(V;j ~(ws) \/(V;j ~(we)’

1/2 172
1

s J 1Y 1)
s PETOE

/2 1/2

Ina =

e [ ] e
% -

This (separable) double integral equals 1.
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LT
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1/2 1/2

Ina=Inw+

Define
1 1

AF% ] 1) 1Y’
SR

We then have
Ina=Inw+ 4,

or B Ay
a=we

or
_ 4
w=e ?q
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We have:

ln(‘s —t‘)dsdt =—In4
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