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Overview

In this set of notes we use reciprocity to calculate the far field of a rectangular patch using the 
electric-current model, assuming an infinite substrate.

 Review of reciprocity to calculate the far field.

 Far field of horizontal electric dipole in the x direction (hex) on top of a grounded the 
substrate.

 Far field of dominant mode of rectangular patch, using the electric current model 
and infinite substrate. 
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Far-Field
Reciprocity theorem:

, ,a b b a< >=< >

( ) ( )a b a b b a b a

V V

E J H M dV E J H M dV⋅ − ⋅ = ⋅ − ⋅∫ ∫

Consider an electric current source:
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0 ( , , )r r θ φ
aJ
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aJ is a radiating current source
rad EThis source radiates



Far-Field (cont.)

Let

( )0
ˆbJ r rθ δ= −

( ) ( ) ( )rad
0

ˆ, , ,a b a

V

a b E J dV E r E rθθ θ φ< > = ⋅ = ⋅ =∫
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z

aJ bJ
r

0r
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bJ is a "testing" dipole source



Far-Field (cont.)
Hence

( )rad , , , ,E r a b b aθ θ φ = < > = < >

( ), b a

V

b a E J dV< >= ⋅∫

Assume ∞→r ipw = “incident plane wave”

( ) ( )ipwFF , , a

V

E r E J dVθ θ φ = ⋅∫
Hence, we have:

FF = “far field”
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,inc ipwbE E=



Far-Field (cont.)

Consider a dipole in free space:

00ˆ~ sin
4

jk rjE e
r

ωµθ θ
π

′− ′ ′ ′ 

00 ˆ~
4

jk rjE e z
r

ωµ
π

′− ′−
′

x′

y′

z′
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The primed coordinates denote local coordinates.

ipw EWe need to find

( )0 ˆ ˆ90 zθ θ′ ′ ′= = −At we have:



Far-Field (cont.)
In general, we have this picture:

At  O :
ipw

0ˆ~E pE

00
0 4

jk rjωμE e
πr



where

At  (0, 0, 0): ipw
0

ˆ~E Eθ

Op̂
r

ipwE

7

x

y

z
ˆp̂ θ=

r
ipwE

ẑ'

The  "testing" dipole source :



Far-Field (cont.)

where

For an arbitrary observation point r = (x, y, z) we have:

( )ipw
0

ˆ, , ~ ( , , )E x y z E x y zθ ψ

( )( , , ) x y zj k x k y k z jk rx y z e eψ + + + + ⋅= =

0

0

0

sin cos
sin sin
cos

x

y

z

k k
k k
k k

θ φ
θ φ

θ

=
=

=

8

x y zˆ ˆ ˆk xk yk zk  

ˆ ˆ ˆr xx yy zz  



Far-Field (cont.)

Similarly, if

Hence ipw
0

ˆ~ ( , , )E E x y zθ ψ

φ̂ˆ =p

( )ipw
0

ˆ , ,E E x y zφ ψ=

9

then we have:

x

y

z

aJ
ipwE

X φ̂ˆ =p
X

The  "testing" dipole source :



Far-Field (cont.)

Now consider an object near the radiating current:

( )FF ( ,0, ) b a

V

E r E J dVθ φ = ⋅∫

ipw scatteredbE E E= +

If the “body” is an infinite layered dielectric structure, the scattered field can be calculated exactly.
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We then have:

x

y

z

aJ

ipwEBody

The  "testing" dipole source :



Far-Field (cont.)

For a magnetic current source:

( )FF ( , , ) b a

V

E r H M dVθ θ φ = − ⋅∫

ipw scatteredbH H H= +

where

( )ipw ipw

0

1 ˆH r E
η

= − ×

11

x

y

z

aM

ipwHBody

The  "testing" dipole source :

We then have:



Electric Dipole

( )

( )
hex

ipw rpw

, , ,

(0,0,0)

(0,0,0) (0,0,0)

p

b a

V
b
x

x x

E r b a

E J dV

E

E E

θ φ =< >

= ⋅

=

 = + 

∫

rpw = “reflected plane wave”

Far field of HED

“hex” = unit-amplitude horizontal electric 
dipole (HED) in the x direction.
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x

z

1I l =

ipwE

p̂

Infinite substrate

( ) ( ) ( ) ( ) ( ) ( )ˆ ˆ ˆaJ x Il r x r x x y zδ δ δ δ δ= = =h

( )ˆ ˆp̂ θ φ= or

( )ˆˆ p θ=shown for



Electric Dipole (cont.)
p̂ θ=

ipw
0

ipw
0

ˆ

cos cos

j k r

j k r
x

E E e
E E e

θ

θ φ

+ ⋅

+ ⋅

=

=

p̂ φ=

ipw
0

ipw
0

ˆ

( sin )

j k r

j k r
x

E E e

E E e

φ

φ

+ ⋅

+ ⋅

=

= −

For

For
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x

z

1I l =
ipwE

p̂

Infinite substrate

( ) ( ) ( ) ( ) ( ) ( )ˆ ˆ ˆaJ x Il r x r x x y zδ δ δ δ δ= = =h

x

z

1I l =

ipwE

p̂

Infinite substrate

( ) ( ) ( ) ( ) ( ) ( )ˆ ˆ ˆaJ x Il r x r x x y zδ δ δ δ δ= = =

X
X

h

TMz

TEz



Transverse Equivalent Network (TEN)

θ

z

0ε

0ε

1ε
2ε
3ε

θ

( , , ) ( , ) ( )
( , , ) ( , ) ( )

x t

y t

E x y z x y V z
H x y z x y I z

ψ
ψ

=
=

( )( , ) x yj k x k y
t x y eψ +=
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z

1Z

0Z

0Z

2Z
3Z

+ -
I

V



TEN (cont.)
For a wave traveling in the  z′ = - z direction, we use:

( , , ) ( , ) ( )
( , , ) ( , ) ( )

x t

y t

E x y z x y V z
H x y z x y I z

ψ
ψ

′ ′=
′ ′− =

θ

z z′ = −

0ε

0ε

1ε
2ε
3ε

θ

This is the situation for our 
incident wave.
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z′

1Z

0Z

0Z

2Z
3Z

+-

I

V



TEN (cont.)
TM

TE

zi
i

i

i
i

zi

kZ

Z
k

ωε
ωµ

=

=
where

2 2 2
zi i x yk k k k= − −

and

coszi i ik k θ=

21 sinzi i ik k θ= −

or
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TEN (cont.)

Define:

2 2
2 2 2

0 02

sin sincos 1 sin 1 1 sinzi i i i i i i i
i i

k k k k k n k n
n n
θ θθ θ θ

 
= = − = − = − = − 

 

2 2( ) sini iN nθ θ≡ −

From Snell’s law:
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(1)sin sini inθ θ=

Hence, we have: 

( )i ri rin µ ε=

Then we have:

( )0zi ik k N θ=



TEN (cont.)
Also, we have:

( )

( )

TM 0

TE 0

i i
ri

ri
i

i

Z N

Z
N

η θ
ε
η µ

θ

=

=

( ) ( ) ( )

( ) ( ) ( )

0 0TM
0

0

TE 0
0

0 0

i i izi
i

i i ri ri

i i ri ri
i

zi i i i

k N k N NkZ

Z
k k N k N N

θ θ θ
η

ωε ωε ωε ε ε
ωµ ωµ ωµ µ µη

θ θ θ

= = = =

= = = =
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TM
0 0

TE 0
0

cos

cos

Z

Z

η θ
η
θ

=

=

General Medium Free-space
2 2 2( ) sin 1 sin cosi iN nθ θ θ θ≡ − = − =



Electric Dipole Source

hex ipw rpw( , , ) (0,0,0) (0,0,0)p x xE r E Eθ φ  = + 

ipw
0

ipw
0

: cos cos
: ( sin )

x

x

p E E
p E E

θ θ φ

φ φ

= =

= = −
00

0 4
jk rjE e

r
ωµ
π

−−
=
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x

z

I l
ipwE

p̂
( )ˆˆ p θ=shown for

( )ˆ ˆp̂ θ φ= or



Electric Dipole Source: TEN

)(zVEx ↔

Γ= )0()0( ir VV

rpw ipw(0,0,0) (0,0,0)x xE E= Γ

so

20

z

1Z0Zi
r

z′

z h= −

Γ



The radiated field is then:

( ) ( ) ( )hex ipw, , 0,0,0 0,0,0 (1 )b
p x xE r E Eθ φ = = +Γ

TM: TM zp θ= Γ = Γ

We then have:

( )
( ) ( )

hex TM
0

hex TE
0

, , cos cos 1

, , sin 1

E r E

E r E

θ

φ

θ φ θ φ

θ φ φ

 = + Γ 
 = − + Γ 
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TE: TE zp φ= Γ = Γ

Electric Dipole Source: TEN (cont.)



so

TM TM
TM in 0

TM TM
in 0

Z Z
Z Z

−
Γ =

+

TM TM
in 1 1tan( )zZ jZ k h=

( )TM 0 1
in 0 1

( ) tan ( )
r

NZ j k N hη θ θ
ε

 
=  

 
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For the TM reflection coefficient we have:

where

TM 20
0 0 0 0

( ) 1 sin cos
1

NZ θη η θ η θ= = − =

For the air region, we have:

Electric Dipole Source: TEN (cont.)



Note that
TM TM TM

TM in 0 in
TM TM TM TM
in 0 in 0

21 1 Z Z Z
Z Z Z Z

−
+Γ = + =

+ +

After simplifying, we obtain the following results:

( )
( )

TM

0 1
1

21
cos( )1 cot ( )

( )
rj k hN
N

θ
ε θ θ

θ

+Γ =
 

−  
 

( )
( )

TE

1
0 1

21
( )sec1 cot ( )

r

Nj k hN
θ

θ θ θ
µ

+Γ =
 

−  
 

Similarly, for the TE case we have:

Electric Dipole Source: TEN (cont.)
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Electric Dipole Source: Final Results
Hence, we have the following final results:

( )

( )

0

hex
0

hex
0

TM

TE

0
0

( , , ) cos ( )
( , , ) sin ( )

( ) cos 1 ( )

( ) 1 ( )

4
jk r

E r E G
E r E F

G

F

jE e
r

θ

φ

θ φ φ θ

θ φ φ θ

θ θ θ

θ θ

ωµ
π

−

=

= −

= +Γ

= +Γ

− =  
 
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Results for a y-directed electric dipole:

hey
0

hey
0

( , , ) sin ( )
( , , ) cos ( )

E r E G
E r E F
θ

φ

θ φ φ θ

θ φ φ θ

=

=

Electric Dipole: Final Results (cont.)

We don’t need this for modeling the radiation from the TM10 mode, however.
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Far Field of Patch Current

( )patch

pw

( )pw

pw

, , ,

( , ) ( , , )

(0,0,0) ( , )

(0,0,0) ( , )

x y

p

sx x
S

j k x k y
x sx

S

x sx x y

E r b a

J x y E x y z dS

E J x y e dS

E J k k

θ φ

+

=< >

=

=

=

∫

∫


x

z

( , )sxJ x y

rε
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pw ipw rpw( , , ) ( , , ) ( , , )x x xE x y z E x y z E x y z= +



Hence, we have:

( ) ( )patch hex

0

0

, , , , ( , )
sin cos
sin sin

p p sx x y

x

y

E r E r J k k
k k
k k

θ φ θ φ

θ φ
θ φ

=

=
=



x

y

L

W

( )(1,0)
10, cosJ

sx
xJ x y A

L
π =  
 

hex = horizontal electric dipole in the x direction

Assume: 

Far Field of Patch Current (cont.)
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The origin is at the center of the patch



For this patch current we have the following Fourier transform:

Far Field of Patch Current (cont.)
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( ) ( ) ( )1,0(1,0)

/2 /2

/2 /2

2 2

, ( , )

cos

cos
2 sinc

2 2
2 2

x y

yx

j k x k y
sx x y sx

S
L W

jk yjk x

L W

x

y

x

J k k J x y e dS

x e dx e dy
L

Lk
WL W k

Lk

π

π
π

+

− −

=

 =  
 

  
       =          −    

    

∫

∫ ∫



( ) ( )sin
sinc

x
x

x
≡

where



Hence, we have:

( )(1,0)
10 2 2

cos
2, sinc

2 2
2 2

x
J

sx x y y

x

Lk
WJ k k A WL k

Lk

π
π

  
        =             −    
    



Far Field of Patch Current (cont.)
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( )(1,0)
10 2 2

cos
2, sinc

2 2
2 2

x
J

sx x y y

x

Lk
WJ k k A WL k

Lk

π
π

  
        =             −    
    



Summary

( ) ( ) ( )1,0patch hex, , , , ( , )p p sx x yE r E r J k kθ φ θ φ= 

( )

hex
0

hex
0

( , , ) cos ( )
( , , ) sin ( )

E r E G
E r E F
θ

φ

θ φ φ θ

θ φ φ θ

=

= −

( )TM

TE

( ) cos 1 ( )

( ) 1 ( )

G

F

θ θ θ

θ θ

= +Γ

= +Γ

00
0 4

jk rjE e
r

ωµ
π

−− =  
 

( )p θ φ= or

( )(1,0)
10, cosJ

sx
xJ x y A

L
π =  
 

Assumption:
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( )
( )

TM

0 1
1

21
cos( )1 cot ( )

( )
rj k hN
N

θ
ε θ θ

θ

+Γ =
 

−  
 

( )
( )

TE

1
0 1

21
( )sec1 cot ( )

r

Nj k hN
θ

θ θ θ
µ

+Γ =
 

−  
 

0

0

sin cos
sin sin

x

y

k k
k k

θ φ
θ φ

=
=

L

W

x

y

2 2
1 1( ) sinN nθ θ≡ − 1 r rn µ ε=



Summary
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E-plane pattern (φ = 0o) H-plane pattern (φ = 90o)

 The E plane is broader than the H plane. 
 The E-plane pattern “tucks in” and tends to zero at the horizon due to the presence of the infinite substrate (green dot). (As 

the substrate gets thinner, the tuck-in point approaches 90o.) 

Red: infinite substrate and ground plane
Blue: 1 meter diameter ground planeComments:

ˆE Eθθ= ˆE Eφφ=

dB dB
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