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In this set of notes we use reciprocity to calculate the far field of a rectangular patch using the
electric-current model, assuming an infinite substrate.

= Review of reciprocity to calculate the far field.

» Far field of horizontal electric dipole in the x direction (hex) on top of a grounded the
substrate.

» Far field of dominant mode of rectangular patch, using the electric current model
and infinite substrate.



Reciprocity theorem:

<a,b>=<b,a>

[(g"-2"-H"M")av =[(E"-J"~H"-M") aV
14 V

Consider an electric current source:
rO (I/', 9: ¢)
J* —
J“ isaradiating current source [
This source radiates £™ ' y




Let
b A u
— — b
' =05(r-r,) J rY J
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J' is a "testing" dipole source [




Hence

E;ad (r,0,¢) =<a,b> =<b,a>

<b,a>=j(§b-f)d1/

Assume 7 —> © Eb’lnc =E" ipw = “incident plane wave”

Hence, we have:

EFF I” % ¢ — j( 1pw ) dV FF = *far field”
Vv



ipw z

We need to find £

Consider a dipole in free space:

The primed coordinates denote local coordinates. y

E~0 (] i jsin 0'e ™"
4rr'

A .a) —7 " A
At 9 =90° (Q’:—Z) we have: EN—]4 'u(’) e Mg
r



In general, we have this picture:




For an arbitrary observation point » = (x, y, z) we have:

Eipw ()C,y,Z) ~ éEO W(X,y,Z)

where

+j(kxx+kyy+kzz)

w(x,y,z)=e

k.=k,sin6cosg
k, =k,sin0sin ¢
k.=k,cos0



Hence E™ ~0E,y(x,y,z)

Similarly, if P = ¢

then we have:
The "testing" dipole source:

7 ,\ ) Eipwz
® p=9

| ~>

EOW(xayaz)




Now consider an object near the radiating current:
The "testing" dipole source:

Z
EF(r,0,¢) = j (E"-J")dr A
Body Eipw
We then have: f y

b 1pW scattered
E'=E"™ +E X

If the “body” is an infinite layered dielectric structure, the scattered field can be calculated exactly.
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For a magnetic current source:

E} (r,0.¢)==[(H"-M")dV

Vv

We then have:

b 1pW scattered
H =H"™+H

where

The "testing" dipole source:

Body

Z

1



Far field of HED X \ P (p=borj
EipW (shown for p =é)
Infinite substrate Il=1 o
— — X
h | s = 2(1)5(r) =2 5(2)=25(x)5(5)3(2)
E;lex (r,9,¢) =<b,a>

b g “hex” = unit-amplitude horizontal electric

= I(E S )d v dipole (HED) in the x direction.

V

= E%(0,0,0)
= E(0,0,0)+ EP™(0,0,0) |

rpw = “reflected plane wave”
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E, (—sing)e*’*"

Infinite substrate

Infinite substrate

]

\ p
‘ Eipw
1l=1
J'=x2(11)6(r)=26(r)=26(x)6(y)5(z)
R p

S = 2(1)5(r) = £ 6(r) = £5(x)5(»)5(2)
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Transverse Equivalent Network (TEN)

E.(x,y,2)=vy,(x,y) V(2)
H (x,y,2) =y, (x,y) I(2)

i(kyx+k,
Wt(x’ y) _ e]( ») ]
; |
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For a wave traveling in the z' =-z direction, we use:

E.(x,,2) =y, (x,y) V()
—Hy(x,y,z’) — l//t(xay) I(Z’)

This is the situation for our
incident wave.

Z
- O.|. V
Z, ll
ZZ
Z
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where

k, =k —k> —k

and
k. =k cosO

or

k, =k/1-sin’ @
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From Snell's law:  (1)sin& =n, sin 6, (nl. = «/ﬂﬁgﬂ)

Hence, we have:

k, =k, cos6, = k/1—sin’ 6 :ki\/l—(

Define:

N,(6) =/n? —sin’ 6

sin &

n.

1

2
j =k0nl.\/1—

Then we have:

sin” @
2
n

1

Zi

=k, \/nl.2 —sin’ @
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Also, we have:

k, kN, (0) kN(0) N(6)

™ _ My — S A
Z; " = =1,

a)gl. a)gl. a)gogm. i
ZTE — /uz _ /uz _ 0f*vi __ 770 ri

"k, kN,(8) kN/(8) " N/(6)

zl

General Medium Free-space
N,(8) = \Jn? —sin 6 =\/1-sin* @ = cos 0
z™ =" N (6)
™
&y Z," =mn,cosl
AL TloHyi TE Tlo
i ( cos
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(p=0or )
(shown for p = é)

E)(r,0,¢)=| EM(0,0,0)+ EF"(0,0,0) |

—0- ipw _ .
p=0: E’f = FE,cosdcos ¢ v _ —jou, ik
p=¢: E =E(-sing) " Axr
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E o TV(2)

V'(0)=V'(0)T
SO

E™ (0,0,0)= E™(0,0,0) T
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The radiated field is then:

We then have:

E* (r,0,¢)=E(0,0,0)=E™(0,0,0) (1+T)

™, TI'=r™

p=0:
p=¢: TE, r=r"

E,”(r,0,¢)=E, cos6cos ¢ [1 +FTM]
E}* (r,0,4)=E,(-sing) | 1+T™ |
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For the TM reflection coefficient we have:

FTM

™ ™
_ Zin _ZO

Y ™
L " +Z,

where

m

Z. M = jZ™ tan(k_h)

SO
ZM = j[noNl(g)jtan(koNl(é’)h)
gl"
For the air region, we have:
N, (9)

ZOTM =1

1 =n,1—sin’ 6 =1, cos O
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Z -z ozl

Notethat [14+T™ =1+

™ ™ = ~TM ™
Zin +ZO Zin +ZO

After simplifying, we obtain the following results:

2

1+T™ (6) =

1

I ( &.cos(0)

Similarly, for the TE case we have:

1+T™ (6) =

9 ) cot (k,hN,(0))

2

H,

l_j[Nl(é?)secH

]cot(kOth(H))
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Hence, we have the following final results:

E)*(r,0,¢) = E, cos ¢ G(O)
E;*(r,0,¢) =E,(—sing) F(0)

G(6) =cosO(1+T™(0))
F(@)=1+T"(6)

E, = (—ja),uo je_jko’”
drr
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Results for a y-directed electric dipole:

E)(r,0,0) =E, sing G(0)
E;‘ey (r,0,9)=E,cos¢ F(0)

We don't need this for modeling the radiation from the TM,, mode, however.
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E™" (r,0,¢) =<b,a>

= [, (0. ») EP (x,y,2)dS
S
= E(0,0,0) [/, (x, y) &’ """ ds
S

= E™(0,0,0) J, (k. .k,)

EX(x,y,2)= E;pw (x,y,2)+ EP"(x,v,2)
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Hence, we have:

EP (r,0,8)=EX* (r,0,4)J, (k. .k,
k.=k,sin6cosg
k, =k,sin@sing

hex = horizontal electric dipole in the x direction

Assume:

JV (x,y) =4, cos (%)

L

The origin is at the center of the patch
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For this patch current we have the following Fourier transform:

T (kok, )= [0 Gy e’ as
S

L/2 X w2
- j cos(—je’ “dx j e’ dy
—-L/2 L -Wwi2
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Hence, we have:

"‘(1’0) . J /A 5 W
T (k. k, ) = A (EWLjsmc{ky 2}
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E™ " (r,0,8)=E" (r,0,4) T\ (k,,k,)

(p=0org) k. =k,sinfcos¢
k, =k,sin&sin ¢

cos(k)C 2)
~(150) . J T . ,’
J (kx,ky) =4, (—2 WLjsmc[ky > }

2

1+T™(6) =
1 j(&séff)j cot(k,hN,(0))

1

Assumption:  J10(x,y)= 4, cos(%)

y E}(r,0,0) = E, cos ¢ G(6)

! E, " (r,0,8) =E,(—sing) F(6)

:: E, = (La)'uoj PRA

— drr

— X
’ G(0) =cosO(1+T™ (0))
F(0)=1+T"(0)
1+T™(0) = 2
1 j(N 1(‘9)Secgjcot(koth(9))
K,

N(B) =} —sin®0  m =\ ue,
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E-plane pattern (¢ = 0°) H-plane pattern (¢ = 90°)

0

180

Red: infinite substrate and ground plane
Comments: Blue: 1 meter diameter ground plane

» The E plane is broader than the H plane.

» The E-plane pattern “tucks in” and tends to zero at the horizon due to the presence of the infinite substrate (green dot). (As
the substrate gets thinner, the tuck-in point approaches 90°.)
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